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7.1 Introduction

The Grothendieck inequality [IH7] in pure mathematics, provides a ‘ceiling’ for the Hilbert
space formalism. The original formulation of the Grothendieck theorem [I] was in the con-
text of a tensor product of Banach spaces, and this might give the wrong impression that
applications in a quantum context should be only for multipartite systems described by
tensor products of Hilbert spaces. Indeed the Grothendieck formalism has been used with
multipartite entangled systems in refs [8H15] and has been linked to Bell-like inequalities.

Later mathematical work [2H4] emphasised that the Grothendieck theorem can be
formulated outside tensor product theory. This motivated our work in refs[I6, [I7] that
uses the Grothendieck bound in a single quantum system, and is totally unrelated to
multipartite entangled systems.

The Grothendieck formalism considers a ‘classical’ quadratic form C that uses complex
numbers in the unit disc (scalars). It also considers a ‘quantum’ quadratic form Q that
replaces the scalars with vectors in the unit ball of a Hilbert space. Going from C to Q,
can be viewed as a passage from classical physics to quantum physics. The Grothendieck
theorem shows that if the classical C < 1, the corresponding quantum ©Q might take
values greater than 1, up to the complex Grothendieck constant kg. The region (1, kqg)
is classically forbidden in the sense that C does not take values in it, and for this reason
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examples with Q € (1,kg) can be viewed as ‘ultra-quantum’. Such examples have been
presented in refs[16, [I7], and are not discussed here.

Quantumness in a single quantum system with finite-dimensional Hilbert space (we
do not consider here multipartite systems and entanglement) can be linked with various
attributes as follows:

Q1. The Grothendieck quantity Q takes values in the region (1,%kg). We have
explored this approach for a single quantum system in refs[I6] [I7], and gave several
examples. Here we study its relationship with other approaches to quantumness.
We also give transformations that leave Q invariant (proposition .

Q2. Fourier duality and uncertainty relations: Fourier duality underpins Harmonic
Analysis and Quantum Mechanics which is based on it. One aspect of this is the
uncertainty relations, which are studied by comparing the uncertainty (quantified in
various ways) for a density matrix 6 with the uncertainty for its ‘Fourier dual density
matrix’ = FOFT (where F is the Fourier transform given below in Eq.). If

the uncertainty for 0 is small, then the uncertainty for 6 is large.

Motivated by this we explored whether for a density matrix ¢ with Grothendieck
quantity Q(0) < 1, its Fourier dual density matrix 6 has Q(6) > 1. We show that
this is not true in general. In proposition we show that for a diagonal density
matrix 6, we get @ < 1 for both 8 and 6. Although this is proved only for diagonal
0, it does show that the Fourier transform cannot (in general) change a state with
Q < 1 into a state with @ > 1. Fourier duality does not play as important role
for quantumness according to Grothendieck quantities, as for uncertainty relations.
Quantumness according to Grothendieck quantities is different from quantumness
according to uncertainty relations.

Q3. Quantum interference: this is best shown as oscillations in quantities (f| U |g)
where U is a unitary operator (e.g., refs[I8, [19] for systems with large dimension).
We show that for any unitary operator, the corresponding Grothendieck quantity
Q <1 (proposition [7.5.1). Therefore quantumness according to Grothendieck quan-
tities is different from quantumness according to quantum interference.

Q4. Violation of various probabilistic inequalities: Bell-like formalisms. A link
of quantumness according to Q1 with Q4 has been discussed in the literature (in
refs[8HI5] for multipartite systems, and in ref[I7] for a single quantum system), and
is not discussed here.

These attributes are complementary to each other, but they are not the same. Each of
them approaches quantumness from a different angle. In this paper we compare quan-
tumness according to Q1 and Q2, and also quantumness according to Q1 and Q3, in a
single quantum system.

7.2 Preliminaries
Let 7 be a permutation

0,1,...,d—1) 5 (7(0),7(1),...,7(d — 1)). (7.1)
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7 is an element of the symmetric group Sy [20] which has d! elements. Multiplication in
this group is the composition:

0,1,...,d—1) 5 (7(0),7(1),..;7(d — 1)) = (w[r(0)],w[r(1)], ..., w[r(d — 1)]). (7.2)
We will use the notation (wwn) (i) = w[r(¢)]. The unity is
0,1,..,d—1) 5 (0,1,...,d —1). (7.3)
A permutation matrix M () is a d x d matrix with elements
[M(m)lij = 0(i, (7)) (7.4)
where J is the Kronecker delta. Clearly

M(w)M(r) = M(wn); M(1)=1; M(x~') = [M(m)]" = [M(m)];
M(r) =1 (7.5)

=
-’
=

The matrices M (7) form a representation of the group Sy.
If 0 is a d x d matrix, then

{IM(m)]TO[M (7)]}ij = Oniyms) (7.6)

is another matrix whose elements are a permutation of the elements of . The diagonal
elements in #, remain diagonal elements after the transformation.

7.3 Grothendieck bound

The Grothendieck theorem considers quadratic form

d
Z 0,5a,bs

r,s=1

C0) = ol <150 b <1 (7.7)

Here 0 is a d x d complex matrix. C() is a ‘classical quantity’ in the sense that the a,., by
are scalars in the unit disc D = {|z] < 1}.

It also considers the corresponding quadratic forms where the scalars are replaced
with vectors in the unit ball in a d-dimensional Hilbert space H(d):

Q(0) = o ur) s lop) € H(d); Aryp, <1 (7.8)

Z OrsArttg <ur| US>

Using the bra-ket notation for normalised vectors, the A, |u,), p, |vs) are vectors in the
unit ball in H(d). Q(f) is a ‘quantum quantity’ in the sense that the scalars have been
replaced with vectors. The Grothendieck theorem states that if C(6) < 1, the Q(0) is
smaller than a constant kg:

CO) <1— 90) < ke. (7.9)
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kq is the complex Grothendieck constant which does not depend on the dimension d, and
for which it is known that kg < 1.4049. Its exact value is not known and bounds for
its exact value are discussed in [BH7]. k¢ is a kind of ‘ceiling’ of the Hilbert space (and
quantum) formalism.

Values of Q(0) in the region (1, kg) are of special importance, because this is a classi-
cally forbidden region (the C(f) cannot take values in it). Families of examples that take
values in the (1, kg) region have been given in refs[16] [I7], and are not presented here.
These examples are ‘ultra quantum’ in the sense that the corresponding Q(6) is near the
‘ceiling’ kg of the Hilbert space and quantum formalisms.

7.3.1 Grothendieck bound as the trace of a product of matrices

Many physical quantities are usually expressed as the trace of some product of matrices.
For this reason we rewrite Q(6) in Eq.(7.8)), as the trace of a product of matrices.

Definition 7.3.1. For any d X d matrix 0,

d
Z 91‘5 Qr bs

r,s=1

9(0) = sup {0(9) =

i lar] <150 Jbs] < 1} (7.10)

Gq is the set of d x d complex matrices with g(0) < 1.

If # is an arbitrary matrix, then % € Gq. By definition, matrices in G4 have C(0) < 1.

For normal matrices it is known that g(6) < demax[16) 7], where emax is the maximum
of the absolute values of the eigenvalues of the matrix 6.

Definition 7.3.2. For any d X d matriz M,

N (M) = mzax\/m = max (MMT)y; (7.11)

Sy is the set of matrices M with N'(M) < 1.

All unitary matrices belong in Sy. If M is an arbitrary matrix, then % € Sq.

The Grothendieck theorem can be expressed in terms of the trace of a product of three
matrices as follows[I6]. If 6 € G4 and V, W € S, then

Q(0) = |Tr(OVWT)| < kg. (7.12)

The relationship of this expression to Eq. is seen if we take V' to be a d x d matrix
that has the components of pg |vs) in the s-row (then V' € S;), and W to be a matrix
that has the components of A, |u,) in the r-row (then V € S;). In this case W1 has the
complex conjugates of the components of A, |u,) in the r-column.

For arbitrary matrices we can write this as

Tr<g‘9 4 WT)>'§kg. (7.13)

) = S0y Ny MW

Values of Q(f) in the region (1, k¢g) are of special importance. The region (1, kg) is
a classically forbidden region (the C(#) cannot take values in it). Families of examples



Quantumness according to Grothendieck quantities 117

that take values in (1,kg) have been given in refs[I6l I7]. These examples are ‘ultra
quantum’ in the sense that they are near the ‘ceiling’ kg of the Hilbert space and quantum
formalisms.

Proposition 7.3.3.

(1) Let M(r) be a permutation matriz (Eq.(7.4)). Q(6) (in Eqs.(7.13), (7.13)) is in-

variant under the transformations:
0 — M(m)0[M ()]s V= M@VIM(@)'s Wh— M@WI M) (7.14)
(2) Q(0) is not invariant under general unitary transformations U :
0 —-UvUoUt, v suvul, wt s uwtut. (7.15)

Proof.
(1) We use the expression in Eq.(7.13)) for Q(#). It is easily seen that

g(M(m)8[M (m)]T) = g(8); N (M (m)V[M(m)]") = N(V);
N(M(m)WT M (m)]T) = N(WT). (7.16)

Therefore Q(0) is invariant under permutations.

(2) For more general unitary transformations
g(UOUY) # g(0); N(UVU') £N(V); NUW'UT) £ NWT). (7.17)

Therefore Q(f) is not invariant under general unitary transformations. The same
argument in terms of the expression in Eq.(7.12)) is that if § € G4 and V,W € Sy,
the transformed matrices after a unitary transformation might not belong to Gq4
and Sy.

O

Remark 7.3.4. We will see below that for the diagonal matrices in Eq. (which
includes diagonal density matrices), Q(6) cannot take values greater than one. This is
not surprising because a diagonal density matriz is simply a probabilistic mizture of states.
In order to get Q(0) > 1 we need off-diagonal elements in the matriz 0. Quantumness
1s in the off-diagonal elements of a density matriz, which are intimately connected to the
superposition principle. Proposz'tion (second part) shows that this argument is not
imwvalidated by the fact that we can diagonalise matrices with a unitary transformation.
Superposition is a basis-dependent concept. In a two dimensional space we consider two

orthonormal bases {v1,v3} and {%, %} Then the vector vi +v3 is a superposition

with respect to the first basis, but it is not a superposition with respect to the second basis.

Remark 7.3.5. If rank(0) < d, let M., M. be vectors in the right and left null space of
0, Rs, R, arbitrary vectors in H(d), and M,s = N, Ry and M|, = R.O.. It is easily seen
that

[ (s =) (s 24l

Q(0) =

o (g<99> s N%)) ’ -
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7.4 Quantumness according to Grothendieck bound is
different from quantumness according to
uncertainty relations

We consider the Fourier matrix
1
Vd

Here Zg4 is the ring of integers modulo d.
Uncertainty relations are studied by comparing uncertainties (quantified in various

)2
W™ w=exp (”> ;1,8 € Zqg. (7.19)

Frs:
d

ways) for a density matrix 6, and for its Fourier dual density matrix 0 = FOF'. For
systems with finite-dimensional Hilbert space considered here, usually entropic quantities
related to 6,6 are used to quantify uncertainty[21H23]. If |n) is an orthonormal basis, let

E(0) = =Y pnlogps; pn=(n|0|n)
E@O) =) guloggn; qn=(n|0]n). (7.20)
Then
E(0) + E() > logd. (7.21)

Therefore if the entropic uncertainty of 6 is small (E(f) < %log d) then the entropic
uncertainty of 0 is large (E(@) > Llogd).

Motivated by this we explore the role of Fourier duality for quantumness according
to Grothendieck quantities. We calculated the Grothendieck quantity Q for a diagonal
density matrix @, and its Fourier dual density matrix § = FOFT (the proposition below
is for a wide class of diagonal matrices that includes all diagonal density matrices).

Proposition 7.4.1. Let 0 be the diagonal matriz

0 = diag(z0, ..., 2a-1); Y |l =1; 2 €C; 7€ Zy. (7.22)

Also let § = FOFt. Then:

0 9
) (9(0)) <1 Q (;,(5)) <1 (7.23)

Proof. (1) We prove that ¢g(0) = 1. We first prove that C(#) < 1:

E Zr Gy by
™

If 2. = |2-| exp(ig,.), we chose a,.b, = exp(—i¢p,) and we get C(0) = 1. Therefore
g(0) =1, and 0 € G,.

c(9) =

<Yzl lanb | <1 o <1 b <1 (7.24)
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Also

0
< <g(0)> B Q(e) - zr:zr/\r,ur <UT‘ UT> < zr: |Zr|/\r,ur‘ <ur| 'Ur>| <1

lur) ;o) € H(d);  Arypp <1 (7.25)

If 2. = |z-| exp(ig,.), we chose |v,.) = exp(—i¢,.) |u,) and A\, = u, = 1, and we get
the maximum value one. This proves the first inequality in Eq.(7.23).

(2) We consider the matrix § = FOFT where 6 is the diagonal matrix in Eq.(7.22):

~ 1 L
bro=~ Zt:w““ "z (7.26)

This is a circulant matrix:

SHE

@T’,«Jﬂ, =0, = Zw_”tzt; v,t € Zg. (7.27)
¢

In this case

c(6) =

>, (Z arerrl,) ‘ : (7.28)

KT

§ ars Gy bs
T8

Here we changed variables from r, s in Z4, to r,v = s—r in Z4. We choose a, = w™
and b,4, = wr(rtr) (where r, k,v € Zz) and we show that in this case

>0 (Z arbr+u> | —d|Y | = |3 s
v r v v t
20(k, t)| = dfzx]. (7.29)
t

Since g(6) is the supremum of all C(6) (for any value of ), it follows that

(o)

d

-~

9(0) > dmax{|z.|} > 1. (7.30)

The 0 € G4. We next show that

9(0)
Q (@) = LA ZEV <Z Ay (U] UT+U>> ‘
9(0) g(0) ;

1 ~
—_— 01,
9(0) ; b |

IN

Z Arﬂﬂ-u (Ur| Vpy0)

] (7.31)

Since

Z Arflp gy (Ur| Vrgp) | < Z |>‘h“r+u (ur| ”T+V>| <d (7.32)
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we get
0 1 ~
<g(9)> 9(9) zy:
From Eq.(7.27) we get
dlo,| <Y wal =1, (7.34)
t

and taking into account Eq.([7.30|) we conclude that

Q <§A> <1. (7.35)
g(0)

This proves the second inequality in Eq.(7.23).
O

We found that for diagonal 6 the @ < 1 for both 6 and 9. The Fourier transform
cannot (in general) change a state with Q < 1 into a state with Q > 1. Fourier duality
does not play an important role for quantumness according to Grothendieck quantities.
Fourier duality is central for uncertainty relations, and therefore quantumness according to
Grothendieck quantities is different from quantumness according to uncertainty relations.

7.5 Quantumness according to Grothendieck bound is
different from quantumness according to quantum
interference

Let 0 = |f) (g9|. We consider the corresponding matrix
Ors = frg:; Z |fr|2 = Z |gr‘2 =L (736)

Also let U be a unitary matrix. The Tr(6U) is a wide class of quantum quantities.
We next calculate Q using Eq. 1) for the matrix ﬁ € G, and V = U where U is

a unitary matrix (and therefore U € Sy), and W = 14

0\ Te(oU)
Q(g«)))‘ 9(0) (7:37)
Proposition 7.5.1.
6 \ Tr(0U)
Q(gw))‘ o0 =" (7.38)

Proof. Since Tr(6U) < 1 it is sufficient to prove that g(6) > 1. Indeed

Z frg: arbs

T8

c(6) = el <1 b <1 (7.39)
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We choose a,,bs such that f.a, = |f.| and gbs = |fs|. Then
=3 1D lgsl = 1. (7.40)

This completes the proof. O

Oscillatory behaviour in quantities (g| U | f) (e.g., [I8,[19] in systems with large dimen-
sion), shows the quantum interference aspect of the quantumness of various states. But
we have shown that the Grothendieck bound does not exceed one. So quantum interfer-
ence described through oscillatory behaviour in quantities (g| U |f), and the Grothendieck
bound describe different and complementary aspects of quantumness.

7.6 Discussion

The Grothendieck formalism provides a different approach to quantumness. It can be in-
terpreted as a passage from classical to quantum mechanics, because it replaces a classical
quadratic form C that uses complex numbers in the unit disc, with a quantum quadratic
form @Q that involves vectors in the unit ball of a Hilbert space. The Grothendieck the-
orem shows that if C < 1, the corresponding quantum Q might take values greater than
1, up to the complex Grothendieck constant kg. Examples with Q € (1,kg) (and in
particular with Q close to the upper bound k¢) are ‘ultra-quantum’.

In this paper we consider the Grothendieck formalism in the context of a single quan-
tum system with finite-dimensional Hilbert space. We compared and contrasted quan-
tumness in the sense of the Grothendieck formalism with quantumness expressed through
Fourier duality and uncertainty relations. If the uncertainty of a density matrix ¢ is small,
the uncertainty of its Fourier dual matrix 0 is large. We explored whether a matrix 6
with Q(f) < 1, has Fourler dual matrix 6 with Q(6) greater than one. Through an ex-
ample (prop051t10n , we have shown that this not true. Quantumness according to
Grothendieck quantities is different from quantumness according to uncertainty relations.

We also compared and contrasted quantumness in the sense of the Grothendieck for-
malism with quantumness in the sense of quantum interference as shown with oscillations
in quantities (g| U |f) (where U is a unitary operator). We have shown that for all matri-
ces (f|U |f) (where U is any unitary operator) the corresponding Grothendieck quantity
Q < 1 (proposition . Quantumness according to Grothendieck quantities is different
from quantumness according to quantum interference.

We conclude that various approaches to quantumness are different from each other,
and play complementary role to each other.
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