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2.1 Introduction

We consider a quantum system described by means of one of the simplest examples of
Hamiltonians with time-dependent parameters:

H = p*/2 +~(t)z?/2. (2.1)

For the sake of simplicity, we assume the unit value of particle’s mass. One of many
brilliant results of classical and quantum mechanics is the existence of adiabatic invariants
in the case when parameters of a system vary slowly with time. If y(t) = w?(¢) with a
real frequency w(t), the well known adiabatic invariant is the ratio of the energy of a
harmonic oscillator £(t) to its time-dependent frequency w(t) [I:

E(t)/w(t) = const. (2.2)
The condition of validity of Eq. (2.2)) can be written as

/P < 1. (2.3)
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This condition is obviously broken, if function ~(t) passes through zero value. Recently
[2], we studied the case when this function always remains non-negative, even after at-
taining zero values. In particular, it was shown that formula remains valid after
the frequency crosses zero value, but the value of the constant in the right-hand side
is different from the value before the crossing. If function ~(¢) behaves as some power
function (~ ¢™) in the vicinity of time instant when ~(¢) = 0, this new value depends on
the power n in the law of crossing zero.

Now, our main goal was to study, what can happen if function ~y(t) slowly passes
through zero value and becomes negative. This means that the initial harmonic oscillator
becomes an inverted oscillator. Note that Schwabl and Thirring [3] and especially Glauber
[4, 5] used the Hamiltonian H = —p?/2 — w?22/2 (or H = —hwa'a) as a simple model
of a quantum amplifier. In order to avoid a confusion, we call this model as a “totally
inverted oscillator”. We consider here the “partially inverted oscillator”, with the positive
term p?/2 in the Hamiltonian, using a short name “inverted oscillator”.

The history of studies of the inverted oscillator in the quantum regime (called also
sometimes as an “upside-down oscillator”, or “repulsive oscillator”, or “reversed oscil-
lator”) is surprisingly long [6H78] (the “totally inverted oscillator” was considered in
[79-H8T]). However, it seems that the energy evolution in the adiabatic regime was not
considered in all cited papers. Another interesting (and exactly solvable) case corresponds
to a sudden jump of function «(t) at ¢t = 0 from the value w? to some constant negative
value —x2. An instantaneous frequency jump between two positive values of coefficient
~ was studied in numerous papers [82H92]. However, the jump to the negative value of
v was not considered before. Therefore, we hope that the results of our study can be
interesting for many readers.

2.2 Evolution of the mean oscillator energy

We assume that function y(¢) equals zero at ¢ = 0. Then, the initial conditions can be
chosen at some negative value ¢t = —7 of the time variable. If the evolution is governed
by Hamiltonian 7 mean values of the coordinate and momentum can be expressed in
terms of two fundamental solutions of the classical equation

E+(t)e =0. (2.4)

We suppose that v(t) = w3 = const for t < —7, with wg > 0. If y(¢) is a real function, it

is convenient, following the seminal papers [93H96] (see also, e.g., a recent review [97]), to
choose the fundamental solutions in the form of mutually conjugated complex functions
e(t) and e*(t), satisfying the initial conditions

e(—1) = wal/z, é(—1) = iwé/z, (2.5)
so that the Wronskian identity for the solutions e(t) and ¢*(¢) has the form
2(t)e*(t) — e (t)e(t) = 2i. (2.6)

Then, we can write at t > —7 the following expressions for the first-order mean values
(which have the same form in the classical and quantum cases):

x(t)=z0\/uToRe[6(t)]+%lm[€(t)L p(t):xo\/LTORe[éu)H%Im[é(t)], (2.7)
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where xg = z(—7) and pg = p(—7).
The second-order moments of the canonical operators evolve at ¢ > —7 as follows:

(#2)e = (e (Reler)? + L1 (tmiec)? + (op + p)o (Refe) (mled) . (29)
07 = oo (Relee)* + L0 (e + -+ peo (e (imie) . (29)

2<p2>0

wo

(zp + px)s = 2(x?)o woRe[es|Re[&;] + Im[e:]Im[és] + (xp + px)olm[éres].  (2.10)

These expressions can be easily obtained, if one considers x(¢) and p(t) as the Heisenberg
operators and calculates the average values of their powers and products over the initial
state. Such an approach works well for any quadratic Hamiltonian.

The time-dependent mean energy is given by the formula

1

E() = 5 [P +7(8)(2?)e] - (2.11)

It is worth remembering that for systems with quadratic Hamiltonians with respect to x
and p, the dynamics of the first-order mean values (x) and (p) are totally independent
from the dynamics of the variances o, = (%) — (z)?, 0, = (»?) — (p)? and o, =
(xp + pr)/2 — (2){p). This means that the equations of the same form as and
exist for the sets ((z)2, (p)?, (z)(p)) and (04, 0p, Oup)-

2.2.1 Adiabatic evolution if the oscillator remains harmonic

The adiabatic (quasiclassical) approximate complex solution to Eq. (2.4)), satisfying the
initial conditions (2.5)), has the following form at ¢ < 0 [when ~(¢) > 0 and w(t) > 0]:

e(t) = [w(t)] /2t ®) (t) ~ ifw(t)]) /20 b, (t) = / w(z)dz.  (2.12)

—T

Putting the solution (2.12)) in the equations (2.8))-(2.11). we arrive immediately at the

adiabatic invariant

E(t)/w(t) = E(—T)/wo, (2.13)

for arbitrary initial values at t = —7.

The solution obviously looses its sense if w(t) = 0 at some time instant ¢, (taken
as t = 0 in our paper). However, if the function ~(¢) slowly passes through zero value and
becomes positive (and not too small) again, the condition of validity of the quasiclassical
approximation is reestablished again. If v(t) = w?(t) > 0 for ¢ > 0, the solution for
t > 0 (outside some interval near ¢ = 0) can be written as [2]

(1) ~ [w(®)] /2 [ug e e (2.14)
E(t) ~ w(t)]/? [uyp O —u_em O]

where

o) = /O w(z)dz,  dp(t)/dt = w(t). (2.15)
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Constant complex coefficients w1 must obey the condition

s 2 = fu_|? = 1, (2.16)
which is the consequence of Eq. . Then, Eq. assumes the form [2]
©0_ o) o
where
= luy >+ |u_ > =14+2u_? (2.18)
AB = {[wi(z*)—r — (p*)—+] Re (upu_) + wo(zp + p)_,Im (uyu_)} /().  (2.19)

Eq. can be interpreted as a generalized adiabatic formula for the energy after
the frequency passes slowly through zero value and remains real. It shows that the
quantum mechanical mean energy is proportional to the instant frequency w(t) in the
adiabatic regime. However, the proportionality coefficient strongly depends on the initial
conditions in the most general case. For this reason, we pay special attention to the case
when

p*)—r = wiz®)r,  (zp+pr)—; =0. (2:20)
It includes the vacuum, thermal and Fock initial quantum states. Then, AS = 0. In
addition, many formulas can be simplified:

(@) = wole)e@®F, ) = (07— e o
(zp + px)e = 2(2%)_; woRe[E()e* ()],
(e = E=T [P + E@]. (2.21)

2(4.10
Note that the combination

D = (2%)(p®) — (zp + px)* /4 (2.22)

does not depend on time due to identity . This is the simplest example of universal
quantum invariants, which hold for all systems with quadratic Hamiltonians [98].

In the adiabatic regime, the second-order moments — can be written in terms
of coefficients u+ as follows [in the case of the special initial conditions ([2.20])],

(%) = (2%)_, ( ) [|u+|2 + [u_|* + 2Re (u+u* 2ot )ﬂ ,

) = )+ 2 [y P+ fu 2 = 2Re (st 290} .

(xp +pz)) = —4<JC2>,T wolm <u+u* e2io(t )) )

Defining the “degree of squeezing” s as the ratio of the coordinate second-order moment
to the variance h/(2w) in the ground state of the oscillator with the instant frequency w
(remember that we assume the unit mass), we obtain the relations

stz = luy 2+ Ju- 2 4 2Re (ujut 290
(el + Tu-D™ < st/ < (s + Ju-])* (2.23)

Hence, the initial ground state (s_ = 1) can be squeezed when the frequency passes
through zero (remaining real).
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2.3 Exact solutions for the power profile of frequency

The simplest function v(¢) which changes its sign at the point ¢ = 0 is the linear one:

v(t) = —w3t/T. We consider a more general power dependence:
W2 [(=t)/7]", t<0
¥(t) = wj x { L >0 n > 0. (2.24)

For t < 0, making the transformation

t
e®) =VItIZly®),  yt)=g|—| (2.25)
one can reduce Eq. (2.4]) to the Bessel equation
d*’Z 1dZ v?
—_— + —— 1-—=|Z2=0 2.26
dy2+ydy+( y2) ’ (226)
with the following parameters:
1 1 1
TR 2 YT wor (2:27)
For t > 0, the same transformation (2.25) reduces Eq. (2.4) to the modified Bessel
equation
d*Z 147 v?
f2 22 (1+%)z=o, 2.28
ay? "y dy <+y2) (229

with the same parameters (2.27).

Hence, the function £(t) can be written as a superposition of the usual Bessel functions
Ju(y) and J_,(y) for t < 0, and a superposition of the modified Bessel functions I, (y)
and I_,(y) for t > 0:

B (A_Tly(®) + B ly(0)]}, t<0
e(t) = 't'x{ ALy 4 Bol®)), =0

Constant complex coefficients A_ and B_ can be found from the initial conditions (2.5]).
Remembering that d|t|/dt = —1 for t < 0, one obtains the following equations:

(2.29)

AJy(9)+B-J(9)=1/NG,  A_J,(9)+B_J.,(g) =~ \%G <Z + 21G) ,

where J),(z) means the derivative of the Bessel function Jy,(z) with respect to its
argument z. Using the known Wronskian [99] [100]

J(2)J,(2) = J_,(2)J,(2) = —2sin(vm)/(z7),
one can obtain the following expressions:

A =— ;Z(V\/f) {J’_V (9) + (z - 21G> J_y (g)] ;
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= S’;Z(V\/f) [(z + 21G> Ju(9)+J, (9)} :

Using the known identities (see, e.g., formulas 7.2(54) and 7.2(55) in [100])

(@) Z0)(=) = Zdm(2), (2:30)

one can simplify formulas for the coefficients A_ and B_:

= STZ(V\/S [Ji—w (9) —iJ-, (9)],  B- = SI;T(V\/;) [id, (9) + Ju_1(9)].  (2.31)

Coefficients A, and By can be obtained from the conditions of the continuity of
function (¢) and its time derivative at ¢ = 0. The leading terms of the Bessel function
Jp(z) and the modified Bessel function I,(z) coincide at z — 0:

Jp(2) = I(z) = 2P [[2PT(p + 1)], z— 0. (2.32)

This means that \/|t[J,(y) — 0 and /[t|I,(y) — 0 when ¢ — 0. On the other hand, the
products /[t[J_,(y) and \/[¢[I_,(y) tend to identical finite values in this limit. Conse-
quently, the continuity of function €(t) at ¢ = 0 implies the condition By = B_.

The time derivative of function at t < 0 (when d|t|/dt = —1) can be written
with the aid of identities as follows:

de/dt =

B Jl u( ) - A—Jv—l(y)] ) t S 0. (233)

2/

On the other hand, using the special cases of Eqgs. 7.11(19) and 7.11(20) from [100],
z z
I(z) £ =1I,(2) = £=IL,+1(2), (2.34)
v v

we can write

de /dt = [Ail,_1(y) + Bili_,(y)], t>0. (2.35)

V\f

Now, we notice that yJi_,(y)/y/[t| — 0 and yl_,(y)//]t] = 0 at t — 0, while the
products yJ,—1(y)/+/]t| and yI,_1(y)//]t| tend to identical finite values in this limit.
Hence, the continuity of derivative de/dt at t = 0 results in the condition Ay = —A_.
Then, one can verify that the Wronskian identity is satisfied both for ¢ < 0 and
t > 0, in view of the relations [100]

Ju(2)J1-u(2) + I (2)Ju—1(2) = 2sin(vn) /(27), (2.36)

I ()1 (2) — I_,(2)I,_1(2) = —2sin(vn) /(7). (2.37)

Using Eqs (2.29) and (2.31]), one can write down formula (2.21)) for the mean energy
ratio R(t) = £(t)/E(—7) as follows:

|

n+1

L (K- (9)K+(y) + K1 (9)K-(y) — 2Ko(g)Ko(y)], (2.38)

T

R(t<0):;{
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n+1

K @R )+ K (9)F () - 2Ko(9)Koly)]  (2:39)

T

R(t > 0) = é Ling(Zw)r

where
Ki(2) = Py(2) 4 J2(), Ko (2) = JE,(2) + J2,(2),
)

Ri(z) = (x) - I2(), K-

2.3.1 Adiabatic evolution of energy at ¢t < 0

If t < 0, the known leading term of the asymptotic formula for the Bessel functions of

large arguments [99] [100],
2 vmwom
Jo(2) ~ 4] — ( ———7), 2.40
(2) —eos(z— 5~ (2.40)

results in the following simple expressions at z > 1 (with corrections of the order of z~2):

Ki()= 2, Ko(s)= 20T (2.41)

Hence, in the adiabatic limit (g > 1 and y > 1), we obtain
w(t) [1—cos?(vm)]  w(t)

R(t < 0) = o (2.42)

This adiabatic formula holds for any value of the power n if ¢t < 0.

In view of formula , the only nonzero contribution to the right-hand side of Eq.
at t — 0 is given by the function K, (y) ~ J2_,(y) ~ [(y/2)”’1/F(1/)]2 ~ |t~ (D),
whereas the contributions of K_(y) ~ [t|~! and Ko(y) ~ [t|® are eliminated by the term

|t|(+1). Hence,
2v—1

g

R(t=0) = , > 1. 2.43

=0 = ¢ (2.43)

This means, in particular, that the adiabatic formula (2.42)) holds under the condition
w(t)/wo > g?*~1 (provided g = 2vweT > 1). Remember that 2v — 1 < 0.

2.3.2 The harmonic oscillator revival

The case when function 7(t) returns to positive values w?(t) for t > 0 (when it is given
by the expression in the second line of Eq. (2.24) with the positive sign) was studied in
Ref. [2]. In this case, the energy ratio in the adiabatic regime is given by the formula
w(t) [1 4 cos?(v)]

R(t>0) =
( ) wo sin® (v7)

(2.44)

Constant coefficients u+ depend on parameter v as follows
uy = [sin(vm)] 1, u_ = icot(vm).
Consequently, the squeezing coefficient satisfies the inequalities

tan?(vm/2) < s;/s_, < cot?(vm/2).
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2.4 Evolution of the inverted oscillator energy

2.4.1 Asymptotic evolution with the power function ~(t)

If the oscillator becomes inverted with a slowly varying function ~(t), given by Eq.
under the condition werT > 1, we need asymptotic formulas for the modified Bessel
functions of large arguments. Remembering that function I,,(z) is real for real values
of its argument, we take the arithmetic average value (or the real part) between two
equivalent expressions in formula 8.451.5 from the reference book [99]:

v+ k
I(2) ~ %Z - Z 5 kk'; *;f)l 7y (! —sin(m)e]. (2.45)

Taking into account only terms with k& = 0, one would obtain slowly varying (and incor-
rect) expressions for the functions K1 (z) and Ko(z), of the order of 2. To obtain correct
asymptotic expressions for these functions, one has to take into account the higher order
terms with £ = 1 in Eq. . Then, the exponentially small corrections containing

€7 2% can be neglected if z > 1. The correct expressions are as follows,

2v—1 2%

Ki(2) = Ko(z) = (2.46)

2722

Hence, the absolute value of the mean energy grows exponentially in the asymptotic
adiabatic regime:

v—1)ex L+n/2
R(t > 0) ~ éz ¢ /T?COSS(%Z(;Q)%, g1, yt)=g (:) > 1. (2.47)

Since 2v — 1 < 0, this asymptotic time dependent ratio is always negative (for any value
of parameter n).

2.4.2 If function v(¢) becomes negative and constant
If y(t) = —x2 with k = const > 0 for t > t, > 0, Eq. has an exact solution:
e(t) = [2x]71/2 [vpe™ +v_e ], &) = (k)22 [vpe —v_e "] . (2.48)
In view of Eq. , constant complex coefficients vy must satisfy the condition
Im (vyv*) = 1. (2.49)
In this case, the time-independent mean energy equals

(*)—+

EVt>t) = —r|[(@*)_,woRe(vy)Re(v_) + o

Im (vy) Im (v_)

+%<pw +ap)—r Im (vyv-)] . (2.50)

All the second-order moments grow unlimitedly with time. Under the conditions ([2.20)),
we can write

(x%)y = (2%)_ ;u— [lup?e* + Jv_[?e™ > + 2Re (v07)],
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P*)e = <p2>7rﬁ

(zp + px)e = (2?)  wo [Jvg [P —
Nonetheless, the exponentially increasing terms are canceled in the formula for the mean

energy, which does not depend on time if k = const. For the initial Nth Fock state, we
obtain

([ ]?e™ + Jv_[?e™ " — 2Re (viv*)],

|’U, ‘26_2Ht] )

(€) = —kRe (v4v™) (N +1/2).

2.4.3 Instantaneous jump to the inverted oscillator

The coefficients v4+ can be easily calculated in the case of a sudden jump of function ~y(t)
at t = 0 from the value Wo to the constant value —x?2, using the conditions of continuity
of functions e(t) and &(t):

(\/:0 \/‘TO> vevt =i+ % (o'jo - “:) . (2.51)

Then, formula (2.50) yields the following mean energy after the jump for any initial state:

1

(E)iso = 3 [(P*)—r — k*(z?)_;]. (2.52)

This result can seem obvious, because the wave function and its mean values do not change
during the instantaneous transformation of the Hamiltonian. However, it is interesting,
because the mean energy after the jump can assume any value, depending on the ratio
k/wo and initial conditions. In particular, under the initial conditions , the mean
energy turns into zero if K = wg. For the initial N-th Fock state we have

2
h‘zo (2N +1) (1 - “) . (2.53)

g Fock __
ezt = 5

2.5 Energy fluctuations

It can be interesting to know the strength of the energy fluctuations after the frequency
passes through zero. These fluctuations can be characterized by the variance op =
(E?)—(E)?. Using the solutions of the Heisenberg equations of motion, one can write
o g in terms of the initial fourth- and second-order moments of the canonical variables x
and p and various products of functions (¢), £(¢) and their complex conjugated partners.
The complete formula is rather cumbersome in the most general case. For this reason,
we consider here (following [2]) the case of the initial Fock quantum state |[N). In this
special case (as well as for arbitrary diagonal mixtures of the Fock states), the nonzero
statistical moments are those containing even powers of each variable, x or p. After some
algebra, one can obtain the following formula (using dimensionless variables and assuming
h=m=wo =1, so that (z*) = (p?)) [2]:

16(E?), = 2(z*)_, (A% + B?) + (2°p® + p*2®)_, (A® — B?) + ((wp + pz)?)_.C?,

where
At) =1O)e@®)? +e@t))?, B(t) = Re [v(t)e*(t) + £2(1)] .
C(t) =Im [y(t)e*(t) + &*(1)] -
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2.5.1 The case of harmonic oscillator at ¢t > 0

In the adiabatic regime ([2.14]) we have
A=2w(t) (us*+ [u_’), B=4w(t)Re(utu_), C=4dw®)Im(usu_). (2.54)
For the initial Fock state |N) we have

3
(Yy_, == (2N?+2N +1), (2°p*+p*2®)_, =

2 —
= (2N? +2N —1),

DN =

((p+pr)?)_r =2 (N?*+ N +1).
Hence,
(B2 Jw?(t) = (us]? + Ju_ ) (N +1/2)% + 2furu_|* (N* + N +1).

Remembering that the mean energy equals (E); = w(t) (uy|* + [u_[*) (N + 1/2), we
arrive at the following formula for the energy variance:

t) N2+ N+1

t) = 2w(t P(N*+N+1 o5 =2uju_|* . 2.55
op(t) = 20 (t)|uyu_|> (N2 + N +1), B = dw-PE e (25
In the absence of zero frequency values we have u_ = 0. In this case, og(t) = 0, in

accordance with the Born—Fock adiabatic theorem. However, this theorem is broken
when the frequency passes through zero value. For the initial vacuum state (N = 0) and
the power index n = 2 of the single frequency transition through zero value, we obtain
or(t)/{E)? = 16. This ratio can be four times smaller if N > 1.

2.5.2 The case of inverted oscillator

In the case of inverted oscillator with a constant parameter , one should replace w(t) with
ik and use the solution (2.48)) instead of (2.14]). Then, we have the following expressions

instead of (2.54]):
A = —2kRe (v407), B = —2kRe (vqiv_), C = —-2kIm (viv_). (2.56)

In the case of a sudden jump (2.51)), we obtain

2 2
A:wo(1—“2>, B:—wo(l—i—;>7 c=o.

wy 0
Hence,
2\ Fock 1 2 2 H4 I{2 2
({5 = 15 (hwo)® |3 (N2 +2N +1) (14~ ) =2 (2N* +2N —1) |, (2.57)
0 0

1 2\?
oBock(t > 0) = g(mo)2 (N> +N+1) <1 + Z?) : (2.58)
0
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2.6 Probability density distribution over energy eigen-
states of the inverted oscillator

It is interesting to calculate the probability density of measuring the energy eigenvalues
of the inverted oscillator with a fixed parameter x. The evolution of the initial Fock
state |n) is determined completely by the function e(¢) introduced in Sec. The time
dependent wave function has the following form [93] 94] [96] (we use dimensionless units
with 1 =m = 1 in this section):

(@, t) = (nley/m) 2 (;Z)W exp (;iﬁ) u, (E') , (2.59)

where H,,(2) is the Hermite polynomial. The wave functions ¢ (z; F) of energy eigenstates
are solutions of the stationary Schrédinger equation
d*¢/da® + (k*2® + 2E) ¢ = 0. (2.60)

It is known that the energy spectrum of the inverted oscillator is continuous and doubly
degenerate, with —co < F < oo. Two independent normalized solutions to Eq. (2.60)
can be found in papers [32, [74] (we use a slightly different notation):

b (ws B) = N D, (Fav/=2ix), (2.61)

where D, (z) is the parabolic cylinder function defined as in books [99} 100]. The index
p and the normalization constant A are related to the normalized energy E = E/k as
follows (we assume k > 0):

D (—p1) exp(rE/4)
@R/

where I'(z) is the Euler gamma function. With this normalization, functions (2.61]) obey
the relations

1 ~
p=-g+ik,  N= (2.62)

/_00 V(2 E)Yy (v E")dx = 6(E — E'). (2.63)

In view of the double degeneracy of energy levels in the inverted regime, the instan-
taneous energy probability distribution with respect to the normalized energy can be
written as follows,

. 2 0 2
P, (FE)=k +kK /_ i (z, t)|[_(x; E)dz| . (2.64)

/_ W (@, D) (v; E)da

Hence, one has to calculate the integrals of the following structure:

I, n(a,b,c) = / e‘“”zDM(cm)Hn(bx)dx. (2.65)

—00
Although explicit expressions for the integral (2.65)) are absent in the main reference
books, such as [99HIOT], it can be calculated analytically with the aid of the integral
representation of the parabolic cylinder function (see formula 9.241.2 from [99]),

6722/4

Dy(z) = F(i

) /00o exp (—2y —y*/2) y ™" ldy. (2.66)
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Putting the integral (2.66)) in Eq. (2.65)) and changing the order of integrations, we arrive
at the integral
/ exp [—(a + P /4)a? — yc:c] H, (bx)dx,

which can be calculated with the aid of formula 7.374.8 from [99],

/_ Z e & H, (af)dé = V7 (1-a?)"* H, (&) ’ (2.67)

with
b yc

o= — =
Va—+c?/4 7 2\/a+c*/4
Hence, we can write
(—1)’l\ﬁ(a+(:2/4—bz)n/2

Iyn= / exp (—By?) H, (Ay)y " tdy, 2.68
' (=p) (@ +c2/4)" 2 Jy (=5¢") Bul9) 0%

where
bc/2 a—c?/4

T emaraa L Aat e

The value of the integral in (2.68|) depends on the parity of the Hermite polynomials,
according to formulas 7.376.2 and 7.376.3 from [99]:

oo LD (EDT (k+ L 111
/ 6_2’Yx2$VH2k<$)d$ = (—1)k22k—%—5 ( 2 ) V(+1+ 2) F (—k, v+l D= ) ,

o0 IO +D)T (B4 2 1
/ e’zmzx”Hng(x)d:r _ (71)]@22]6*5 (2 ) K_"(_1 + 2) F <k7 K + 1; é; ) ,
0 NZ2E: 2 2’ 2y

where F'(a,b;c; z) is the Gauss hypergeometric function. In our case, we have

v=—p—1= —% —iFE, 2y =B/A*=2(a—c?/4) (a+c*/4—b*) /(be)*.

If e(t) is given by Eq. (2.48)), we have

ig* ikviet —vte b=1/lc] V2K
a = = = =
2e* 2 wiert +urent’ lvypert +v_e=rt|’

/4= —ir/2,

Kt Kt

kv e”

viert 4 v*emrt’

s ey
1KV €

2

a—c 4= ————
* Lkt * ,—nrt’
vie +ovie

a+c?/4=—

Hereafter, we consider the special case of a sudden jump, with coefficients (2.51]).
Since the energy distribution cannot depend on time for the stationary Hamiltonian at
t > 0, the coefficients a and b can be taken at the initial instant ¢t = 0+. Hence, we can
use more simple expressions

ik vy — vt V2K

’ wo/2, for + 0]

VWo,
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1 1
aic2/4:§(wo$m), a+c2/4—b2:—§(wo+if<a),

so that

(wo +ir)>  (1+4ip)?
2y = . = -
4ikwg 4ip

, p = K/wo.

Final formulas for the energy probability densities after the jump are as follows,

Por (B3 p) = 27{(:.5 ?;’:;f/g S (i - ’j) F (—k, i- § - z<p>> | (2.69)
vp) = ) = (150) )= o
If p =1, the formulas can be simplified as follows,
Py (E) = % r (jl - z§> F (—k,i - zg, ;;2> 2, (2.71)
Pory1(E) = w r (i — z§> F (—k, % = z% 2;2) 2 (2.72)

We used the known formula I'(2z) = 22~ 17 ~1/2T(2)T'(2 4 1/2). All probability distribu-
tions (2.71) and (2.72) are even functions of energy, because the mean energy after the
jump with p = 1 equals zero. In particular, for £k = 0 we have

1 F ~ 2

In these special cases, the correct normalization ffooo P(E)dE’ = 1 can be checked with
the aid of formula 2.2.4.1 from [I0T],

PRy(E) = (2m)

/ IT(a + iz)|*dr = 27271 (2a). (2.74)
0
Using the relations

(a+ix)T(a+iz) =T(a+1+iz), (a® +2?) [T'(a+iz)|* = [T(a+ 1 +iz)]?,

we obtain the integral
/ 22T (a + iz)|Pde = 272 11al (2a). (2.75)
0

Hence, writing P(E) = N,|T'(a +iE/2)|?, we obtain the following formula for the mean
value (E?) with respect to the probability densities Py(E) and Py (E):

(E?) = 16maN,272*7'T(2a) .
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For a = 1/4 we have (E?) = 1/2, while for a = 3/4 we have (E?) = 3/2. These values
coincide exactly with those given by Eq. (2.57)) for N =0 and N = 1 (provided & = wy).
For k =1 and k = 2, we obtain the following expressions:

4 2
3 B\[

p4(E) — @ ’I‘ (1 — ZE>

6(2m)3 2

2
Py(E) = (20%) B2

p3(E) — <2>3/2 g

)

3

Looking at plots of functions P,(E) in Figures (where we consider the ar-
guments £ > 0 only, due to the symmetry of distributions), one can notice that dis-
tributions Py (E) and Pajyi(E) behave in a similar way, in spite of slightly different
analytical expressions and for the initial even and odd Fock states. On the
other hand, the parity of number &k turns out to be important. If this number is even
(k =0,2,4,...), the probability densities at E = 0 are different from zero. In contrast,
Py (0) = Pogy1(0) for odd values k = 1,3,5,...: see Figures and All prob-
ability distributions have [k/2] zeros at positive values of argument F (and symmetric
zeros at negative values). The heights of the first [k/2] maximas slowly increase with
E, whereas the last maximum is significantly higher (by approximately 50%) and wider.
This last maximum of P,(E) is attained when E is a little smaller than n. The func-
tion P,(E) rapidly goes to zero at E > n. Its asymptotic behavior for |E| > n can
be described by the formula P,(E) ~ g,(E)exp(—|E|/2), where the pre-factor g,(E)
contains some powers of |E|. This is the consequence of formula 1.18(6) from [I00]:
limy,| o0 [T(z + iy)|?e™¥!|y|'~2* = 27. Numerical calculations confirm the asymptotic
formula with high accuracy.
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Po 1 P, 1 Pg
0.8 0.08 4
0.12 4
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0.08 4
0.4 | 0.04 -
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Figure 2.1: Functions Py(E), Py(E) and Ps(E) after the jump with p = 1.
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Figure 2.2: Functions Pi(E), Ps(E) and Py(E) after the jump with p = 1.
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Figure 2.3: Functions Ps(FE), Pio(E) and P14(FE) after the jump with p = 1.
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Figure 2.4: Functions P;(E), Pi1(E) and Pi5(E) after the jump with p = 1.

If p # 1, the distributions (2.69) and (2.70)) lose the symmetry with respect to the
point E = 0, in accordance with formula 1) However, due to the relations

(1/p) = —(p),

2(1/p) = *(p)
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we have the following reciprocity formula:

Py(E;p) = Pu(=E;1/p). (2.76)

Some examples of distributions with different values of p are shown in Figures and

2.0l

0.10 p=1/2 0.104 p=1 0.10
s 1 Ps | Py 4 p=2
0.08 0.08 0.08
0.06 0.06 0.06
0.04 0.04 0.04
0.02 0.02 0.02 4
0.00 LA BN B B B B B | 0.00 L B | T ———— 0.00
410 -5 0 5 10 15 20 25 -5 10 -5 0 5 10 15 25 -20 -15-10 5 0 5 10
E E E

Figure 2.5: Functions Ps(E) after the jumps with p = 1/2,1,2.
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Figure 2.6: Functions Pio(FE) after the jumps with p = 1/2,1,2.

2.7 Discussion

Let us discuss briefly the main results of this work. We have obtained explicit analytical
formulas for the mean energy and its variance (characterizing the energy fluctuations) in
the adiabatic regimes after the frequency passes through zero. The behavior of energy
turns out to be quite different in two cases: when the frequency remains real and when
it becomes imaginary. In the first case, the mean energy always increases when the
frequency returns to its initial value, and the increment coefficient is determined by the
exponent in the power law of the frequency crossing zero. On the other hand, if the
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frequency becomes imaginary, the absolute value of mean energy increases exponentially,
even in the adiabatic regime, unless the Hamiltonian becomes time independent. It is
worth emphasizing that even small corrections to the leading terms of simple adiabatic
approximate formulas are crucial in this case, due to the unstable nature of the motion.

The mean energy does not depend on time after a sudden transformation of a harmonic
oscillator to an inverted oscillator with constant parameters. In this case, the mean energy
can be both positive and negative (or zero), depending on the ratio of the initial and final
frequencies.

Comparing the results of this study with those obtained in paper [2], we can expect
that the adiabatic behavior of energy and other observables can be even more intricate
when the function 7(¢) in the Hamiltonian passes through zero many times, changing
its signs. Probably, some kinds of quasi-chaotic behaviors could be observed. However,
this complicated problem deserves a separate study.
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