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2.1 Introduction

We consider a quantum system described by means of one of the simplest examples of
Hamiltonians with time-dependent parameters:

H = p2/2 + γ(t)x2/2. (2.1)

For the sake of simplicity, we assume the unit value of particle’s mass. One of many
brilliant results of classical and quantum mechanics is the existence of adiabatic invariants
in the case when parameters of a system vary slowly with time. If γ(t) = ω2(t) with a
real frequency ω(t), the well known adiabatic invariant is the ratio of the energy of a
harmonic oscillator E(t) to its time-dependent frequency ω(t) [1]:

E(t)/ω(t) = const. (2.2)

The condition of validity of Eq. (2.2) can be written as

γ̇2/|γ(t)|3 ≪ 1. (2.3)
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This condition is obviously broken, if function γ(t) passes through zero value. Recently
[2], we studied the case when this function always remains non-negative, even after at-
taining zero values. In particular, it was shown that formula (2.2) remains valid after
the frequency crosses zero value, but the value of the constant in the right-hand side
is different from the value before the crossing. If function γ(t) behaves as some power
function (∼ tn) in the vicinity of time instant when γ(t) = 0, this new value depends on
the power n in the law of crossing zero.

Now, our main goal was to study, what can happen if function γ(t) slowly passes
through zero value and becomes negative. This means that the initial harmonic oscillator
becomes an inverted oscillator. Note that Schwabl and Thirring [3] and especially Glauber
[4, 5] used the Hamiltonian H = −p2/2 − ω2x2/2 (or H = −ℏωa†a) as a simple model
of a quantum amplifier. In order to avoid a confusion, we call this model as a “totally
inverted oscillator”. We consider here the “partially inverted oscillator”, with the positive
term p2/2 in the Hamiltonian, using a short name “inverted oscillator”.

The history of studies of the inverted oscillator in the quantum regime (called also
sometimes as an “upside-down oscillator”, or “repulsive oscillator”, or “reversed oscil-
lator”) is surprisingly long [6–78] (the “totally inverted oscillator” was considered in
[79–81]). However, it seems that the energy evolution in the adiabatic regime was not
considered in all cited papers. Another interesting (and exactly solvable) case corresponds
to a sudden jump of function γ(t) at t = 0 from the value ω2

0 to some constant negative
value −κ2. An instantaneous frequency jump between two positive values of coefficient
γ was studied in numerous papers [82–92]. However, the jump to the negative value of
γ was not considered before. Therefore, we hope that the results of our study can be
interesting for many readers.

2.2 Evolution of the mean oscillator energy

We assume that function γ(t) equals zero at t = 0. Then, the initial conditions can be
chosen at some negative value t = −τ of the time variable. If the evolution is governed
by Hamiltonian (2.1), mean values of the coordinate and momentum can be expressed in
terms of two fundamental solutions of the classical equation

ε̈+ γ(t)ε = 0. (2.4)

We suppose that γ(t) = ω2
0 = const for t ≤ −τ , with ω0 > 0. If γ(t) is a real function, it

is convenient, following the seminal papers [93–96] (see also, e.g., a recent review [97]), to
choose the fundamental solutions in the form of mutually conjugated complex functions
ε(t) and ε∗(t), satisfying the initial conditions

ε(−τ) = ω
−1/2
0 , ε̇(−τ) = iω

1/2
0 , (2.5)

so that the Wronskian identity for the solutions ε(t) and ε∗(t) has the form

ε̇(t)ε∗(t)− ε̇∗(t)ε(t) ≡ 2i. (2.6)

Then, we can write at t ≥ −τ the following expressions for the first-order mean values
(which have the same form in the classical and quantum cases):

x(t) = x0
√
ω0 Re[ε(t)] +

p0√
ω0

Im[ε(t)], p(t) = x0
√
ω0 Re[ε̇(t)] +

p0√
ω0

Im[ε̇(t)], (2.7)
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where x0 = x(−τ) and p0 = p(−τ).
The second-order moments of the canonical operators evolve at t ≥ −τ as follows:

⟨x2⟩t = ⟨x2⟩0 ω0 (Re[εt])
2
+

⟨p2⟩0
ω0

(Im[εt])
2
+ ⟨xp+ px⟩0 (Re[εt]) (Im[εt]) , (2.8)

⟨p2⟩t = ⟨x2⟩0 ω0 (Re[ε̇t])
2
+

⟨p2⟩0
ω0

(Im[ε̇t])
2
+ ⟨xp+ px⟩0 (Re[ε̇t]) (Im[ε̇t]) . (2.9)

⟨xp+ px⟩t = 2⟨x2⟩0 ω0Re[εt]Re[ε̇t] +
2⟨p2⟩0
ω0

Im[εt]Im[ε̇t] + ⟨xp+ px⟩0Im[ε̇tεt]. (2.10)

These expressions can be easily obtained, if one considers x(t) and p(t) as the Heisenberg
operators and calculates the average values of their powers and products over the initial
state. Such an approach works well for any quadratic Hamiltonian.

The time-dependent mean energy is given by the formula

E(t) = 1

2

[
⟨p2⟩t + γ(t)⟨x2⟩t

]
. (2.11)

It is worth remembering that for systems with quadratic Hamiltonians with respect to x
and p, the dynamics of the first-order mean values ⟨x⟩ and ⟨p⟩ are totally independent
from the dynamics of the variances σx = ⟨x2⟩ − ⟨x⟩2, σp = ⟨p2⟩ − ⟨p⟩2 and σxp =
⟨xp+ px⟩/2− ⟨x⟩⟨p⟩. This means that the equations of the same form as (2.8) and (2.9)
exist for the sets (⟨x⟩2, ⟨p⟩2, ⟨x⟩⟨p⟩) and (σx, σp, σxp).

2.2.1 Adiabatic evolution if the oscillator remains harmonic

The adiabatic (quasiclassical) approximate complex solution to Eq. (2.4), satisfying the
initial conditions (2.5), has the following form at t < 0 [when γ(t) > 0 and ω(t) > 0]:

ε(t) ≈ [ω(t)]−1/2eiϕτ (t), ε̇(t) ≈ i[ω(t)]1/2eiϕτ (t), ϕτ (t) =

∫ t

−τ

ω(z)dz. (2.12)

Putting the solution (2.12) in the equations (2.8)-(2.11). we arrive immediately at the
adiabatic invariant

E(t)/ω(t) = E(−τ)/ω0, (2.13)

for arbitrary initial values at t = −τ .
The solution (2.12) obviously looses its sense if ω(t) = 0 at some time instant t∗ (taken

as t = 0 in our paper). However, if the function γ(t) slowly passes through zero value and
becomes positive (and not too small) again, the condition of validity of the quasiclassical
approximation (2.3) is reestablished again. If γ(t) = ω2(t) > 0 for t > 0, the solution for
t > 0 (outside some interval near t = 0) can be written as [2]

ε(t) ≈ [ω(t)]−1/2
[
u+e

iϕ(t) + u−e
−iϕ(t)

]
, (2.14)

ε̇(t) ≈ i[ω(t)]1/2
[
u+e

iϕ(t) − u−e
−iϕ(t)

]
,

where

ϕ(t) =

∫ t

0

ω(z)dz, dϕ(t)/dt = ω(t). (2.15)
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Constant complex coefficients u± must obey the condition

|u+|2 − |u−|2 = 1, (2.16)

which is the consequence of Eq. (2.6). Then, Eq. (2.11) assumes the form [2]

⟨E⟩t
⟨E⟩−τ

=
ω(t)

ω0
(β +∆β), (2.17)

where
β = |u+|2 + |u−|2 = 1 + 2|u−|2, (2.18)

∆β =
{[
ω2
0⟨x2⟩−τ − ⟨p2⟩−τ

]
Re (u+u−) + ω0⟨xp+ px⟩−τ Im (u+u−)

}
/⟨E⟩−τ . (2.19)

Eq. (2.17) can be interpreted as a generalized adiabatic formula for the energy after
the frequency passes slowly through zero value and remains real. It shows that the
quantum mechanical mean energy is proportional to the instant frequency ω(t) in the
adiabatic regime. However, the proportionality coefficient strongly depends on the initial
conditions in the most general case. For this reason, we pay special attention to the case
when

⟨p2⟩−τ = ω2
0⟨x2⟩−τ , ⟨xp+ px⟩−τ = 0. (2.20)

It includes the vacuum, thermal and Fock initial quantum states. Then, ∆β = 0. In
addition, many formulas can be simplified:

⟨x2⟩t = ω0⟨x2⟩−τ |ε(t)|2, ⟨p2⟩t = ⟨p2⟩−τ |ε̇(t)|2/ω0,

⟨xp+ px⟩t = 2⟨x2⟩−τ ω0Re[ε̇(t)ε
∗(t)],

⟨E⟩t =
⟨E⟩−τ

2ω0

[
γ(t)|ε(t)|2 + |ε̇(t)|2

]
. (2.21)

Note that the combination

D ≡ ⟨x2⟩⟨p2⟩ − ⟨xp+ px⟩2/4 (2.22)

does not depend on time due to identity (2.6). This is the simplest example of universal
quantum invariants, which hold for all systems with quadratic Hamiltonians [98].

In the adiabatic regime, the second-order moments (2.8)-(2.10) can be written in terms
of coefficients u± as follows [in the case of the special initial conditions (2.20)],

⟨x2⟩t = ⟨x2⟩−τ
ω0

ω(t)

[
|u+|2 + |u−|2 + 2Re

(
u+u

∗
−e

2iϕ(t)
)]
,

⟨p2⟩t = ⟨p2⟩−τ
ω(t)

ω0

[
|u+|2 + |u−|2 − 2Re

(
u+u

∗
−e

2iϕ(t)
)]
,

⟨xp+ px⟩t = −4⟨x2⟩−τ ω0Im
(
u+u

∗
−e

2iϕ(t)
)
.

Defining the “degree of squeezing” s as the ratio of the coordinate second-order moment
to the variance ℏ/(2ω) in the ground state of the oscillator with the instant frequency ω
(remember that we assume the unit mass), we obtain the relations

st/s−τ = |u+|2 + |u−|2 + 2Re
(
u+u

∗
−e

2iϕ(t)
)
,

(|u+|+ |u−|)−2 ≤ st/s−τ ≤ (|u+|+ |u−|)2 . (2.23)

Hence, the initial ground state (s−τ = 1) can be squeezed when the frequency passes
through zero (remaining real).
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2.3 Exact solutions for the power profile of frequency

The simplest function γ(t) which changes its sign at the point t = 0 is the linear one:
γ(t) = −ω2

0t/τ . We consider a more general power dependence:

γ(t) = ω2
0 ×

{
[(−t)/τ ]n, t ≤ 0
−[t/τ ]n, t ≥ 0

, n > 0. (2.24)

For t < 0, making the transformation

ε(t) =
√

|t|Z[y(t)], y(t) = g

∣∣∣∣ tτ
∣∣∣∣b , (2.25)

one can reduce Eq. (2.4) to the Bessel equation

d2Z

dy2
+

1

y

dZ

dy
+

(
1− ν2

y2

)
Z = 0, (2.26)

with the following parameters:

ν =
1

n+ 2
<

1

2
, b =

1

2ν
, g = 2Gν, G = ω0τ . (2.27)

For t > 0, the same transformation (2.25) reduces Eq. (2.4) to the modified Bessel
equation

d2Z

dy2
+

1

y

dZ

dy
−
(
1 +

ν2

y2

)
Z = 0, (2.28)

with the same parameters (2.27).
Hence, the function ε(t) can be written as a superposition of the usual Bessel functions

Jν(y) and J−ν(y) for t < 0, and a superposition of the modified Bessel functions Iν(y)
and I−ν(y) for t > 0:

ε(t) =
√
|t| ×

{
{A−Jν [y(t)] +B−J−ν [y(t)]} , t < 0
{A+Iν [y(t)] +B+I−ν [y(t)]} , t > 0

. (2.29)

Constant complex coefficients A− and B− can be found from the initial conditions (2.5).
Remembering that d|t|/dt = −1 for t < 0, one obtains the following equations:

A−Jν (g) +B−J−ν (g) = 1/
√
G, A−J

′
ν (g) +B−J

′
−ν (g) = − 1√

G

(
i+

1

2G

)
,

where J ′
±ν(z) means the derivative of the Bessel function J±ν(z) with respect to its

argument z. Using the known Wronskian [99, 100]

Jν(z)J
′
−ν(z)− J−ν(z)J

′
ν(z) = −2 sin(νπ)/(zπ),

one can obtain the following expressions:

A− = − νπ
√
G

sin(νπ)

[
J ′
−ν (g) +

(
i+

1

2G

)
J−ν (g)

]
,
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B− =
νπ

√
G

sin(νπ)

[(
i+

1

2G

)
Jν (g) + J ′

ν (g)

]
.

Using the known identities (see, e.g., formulas 7.2(54) and 7.2(55) in [100])

Jν(z)±
z

ν
J ′
ν(z) =

z

ν
Jν∓1(z), (2.30)

one can simplify formulas for the coefficients A− and B−:

A− =
νπ

√
G

sin(νπ)
[J1−ν (g)− iJ−ν (g)] , B− =

νπ
√
G

sin(νπ)
[iJν (g) + Jν−1 (g)] . (2.31)

Coefficients A+ and B+ can be obtained from the conditions of the continuity of
function ε(t) and its time derivative at t = 0. The leading terms of the Bessel function
Jp(z) and the modified Bessel function Ip(z) coincide at z → 0:

Jp(z) ≈ Ip(z) ≈ zp/[2pΓ(p+ 1)], z → 0. (2.32)

This means that
√
|t|Jν(y) → 0 and

√
|t|Iν(y) → 0 when t→ 0. On the other hand, the

products
√
|t|J−ν(y) and

√
|t|I−ν(y) tend to identical finite values in this limit. Conse-

quently, the continuity of function ε(t) at t = 0 implies the condition B+ = B−.
The time derivative of function (2.29) at t < 0 (when d|t|/dt = −1) can be written

with the aid of identities (2.30) as follows:

dε/dt =
y

2ν
√
|t|

[B−J1−ν(y)−A−Jν−1(y)] , t ≤ 0. (2.33)

On the other hand, using the special cases of Eqs. 7.11(19) and 7.11(20) from [100],

Iν(z)±
z

ν
I ′ν(z) = ± z

ν
Iν∓1(z), (2.34)

we can write
dε/dt =

y

2ν
√
t
[A+Iν−1(y) +B+I1−ν(y)] , t ≥ 0. (2.35)

Now, we notice that yJ1−ν(y)/
√

|t| → 0 and yI1−ν(y)/
√
|t| → 0 at t → 0, while the

products yJν−1(y)/
√
|t| and yIν−1(y)/

√
|t| tend to identical finite values in this limit.

Hence, the continuity of derivative dε/dt at t = 0 results in the condition A+ = −A−.
Then, one can verify that the Wronskian identity (2.6) is satisfied both for t ≤ 0 and
t ≥ 0, in view of the relations [100]

Jν(z)J1−ν(z) + J−ν(z)Jν−1(z) = 2 sin(νπ)/(zπ), (2.36)

Iν(z)I1−ν(z)− I−ν(z)Iν−1(z) = −2 sin(νπ)/(zπ). (2.37)

Using Eqs. (2.29) and (2.31), one can write down formula (2.21) for the mean energy
ratio R(t) = E(t)/E(−τ) as follows:

R(t < 0) =
1

8

[
gπ

sin(νπ)

]2 ∣∣∣∣ tτ
∣∣∣∣n+1

[K−(g)K+(y) +K+(g)K−(y)− 2K0(g)K0(y)] , (2.38)
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R(t > 0) =
1

8

[
gπ

sin(νπ)

]2 ∣∣∣∣ tτ
∣∣∣∣n+1 [

K−(g)K̃+(y) +K+(g)K̃−(y)− 2K0(g)K̃0(y)
]
, (2.39)

where
K+(z) = J2

ν−1(z) + J2
ν (z), K−(z) = J2

1−ν(z) + J2
−ν(z),

K̃+(z) = I2ν−1(z)− I2ν (z), K̃−(z) = I21−ν(z)− I2−ν(z),

K0(z) = Jν−1(z)J1−ν(z)− Jν(z)J−ν(z).

K̃0(z) = Iν−1(z)I1−ν(z)− Iν(z)I−ν(z).

2.3.1 Adiabatic evolution of energy at t < 0

If t < 0, the known leading term of the asymptotic formula for the Bessel functions of
large arguments [99, 100],

Jν(z) ∼
√

2

πz
cos
(
z − νπ

2
− π

4

)
, (2.40)

results in the following simple expressions at z ≫ 1 (with corrections of the order of z−2):

K±(z) =
2

πz
, K0(z) =

2 cos(νπ)

πz
. (2.41)

Hence, in the adiabatic limit (g ≫ 1 and y ≫ 1), we obtain

R(t < 0) =
ω(t)

[
1− cos2(νπ)

]
ω0 sin

2(νπ)
=
ω(t)

ω0
. (2.42)

This adiabatic formula holds for any value of the power n if t < 0.
In view of formula (2.32), the only nonzero contribution to the right-hand side of Eq.

(2.38) at t→ 0 is given by the function K+(y) ≈ J2
ν−1(y) ≈

[
(y/2)ν−1/Γ(ν)

]2 ∼ |t|−(n+1),
whereas the contributions of K−(y) ∼ |t|−1 and K0(y) ∼ |t|0 are eliminated by the term
|t|(n+1). Hence,

R(t = 0) =
πg2ν−1

[2νΓ(ν) sin(πν)]
2 , g ≫ 1. (2.43)

This means, in particular, that the adiabatic formula (2.42) holds under the condition
ω(t)/ω0 ≫ g2ν−1 (provided g = 2νω0τ ≫ 1). Remember that 2ν − 1 < 0.

2.3.2 The harmonic oscillator revival

The case when function γ(t) returns to positive values ω2(t) for t > 0 (when it is given
by the expression in the second line of Eq. (2.24) with the positive sign) was studied in
Ref. [2]. In this case, the energy ratio in the adiabatic regime is given by the formula

R(t > 0) =
ω(t)

[
1 + cos2(νπ)

]
ω0 sin

2(νπ)
. (2.44)

Constant coefficients u± depend on parameter ν as follows

u+ = [sin(νπ)]−1, u− = i cot(νπ).

Consequently, the squeezing coefficient satisfies the inequalities

tan2(νπ/2) ≤ st/s−τ ≤ cot2(νπ/2).
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2.4 Evolution of the inverted oscillator energy

2.4.1 Asymptotic evolution with the power function γ(t)

If the oscillator becomes inverted with a slowly varying function γ(t), given by Eq. (2.24)
under the condition ω0τ ≫ 1, we need asymptotic formulas for the modified Bessel
functions of large arguments. Remembering that function Iν(z) is real for real values
of its argument, we take the arithmetic average value (or the real part) between two
equivalent expressions in formula 8.451.5 from the reference book [99]:

Iν(z) ∼
ez

(2πz)1/2

∞∑
k=0

Γ(ν + k + 1/2)

(2z)kk!Γ(ν − k + 1/2)

[
(−1)k − sin(νπ)e−2z

]
. (2.45)

Taking into account only terms with k = 0, one would obtain slowly varying (and incor-
rect) expressions for the functions K̃±(z) and K̃0(z), of the order of z

−1. To obtain correct
asymptotic expressions for these functions, one has to take into account the higher order
terms with k = 1 in Eq. (2.45). Then, the exponentially small corrections containing
e−2z can be neglected if z ≫ 1. The correct expressions are as follows,

K̃±(z) ≈ K̃0(z) ≈
2ν − 1

2πz2
e2z. (2.46)

Hence, the absolute value of the mean energy grows exponentially in the asymptotic
adiabatic regime:

R(t > 0) ≈ (2ν − 1) exp[2y(t)]

8g(t/τ) cos2(νπ/2)
, g ≫ 1, y(t) = g

(
t

τ

)1+n/2

≫ 1. (2.47)

Since 2ν − 1 < 0, this asymptotic time dependent ratio is always negative (for any value
of parameter n).

2.4.2 If function γ(t) becomes negative and constant

If γ(t) = −κ2 with κ = const > 0 for t > t∗ > 0, Eq. (2.4) has an exact solution:

ε(t) = [2κ]−1/2
[
v+e

κt + v−e
−κt
]
, ε̇(t) = [κ/2]1/2

[
v+e

κt − v−e
−κt
]
. (2.48)

In view of Eq. (2.6), constant complex coefficients v± must satisfy the condition

Im
(
v+v

∗
−
)
= 1. (2.49)

In this case, the time-independent mean energy equals

⟨E⟩(t > t∗) = −κ
[
⟨x2⟩−τ ω0Re (v+)Re (v−) +

⟨p2⟩−τ

ω0
Im (v+) Im (v−)

+
1

2
⟨px+ xp⟩−τ Im (v+v−)

]
. (2.50)

All the second-order moments grow unlimitedly with time. Under the conditions (2.20),
we can write

⟨x2⟩t = ⟨x2⟩−τ
ω0

2κ

[
|v+|2e2κt + |v−|2e−2κt + 2Re

(
v+v

∗
−
)]
,
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⟨p2⟩t = ⟨p2⟩−τ
κ

2ω0

[
|v+|2e2κt + |v−|2e−2κt − 2Re

(
v+v

∗
−
)]
,

⟨xp+ px⟩t = ⟨x2⟩−τ ω0

[
|v+|2e2κt − |v−|2e−2κt

]
.

Nonetheless, the exponentially increasing terms are canceled in the formula for the mean
energy, which does not depend on time if κ = const. For the initial Nth Fock state, we
obtain

⟨E⟩ = −κRe
(
v+v

∗
−
)
(N + 1/2).

2.4.3 Instantaneous jump to the inverted oscillator

The coefficients v± can be easily calculated in the case of a sudden jump of function γ(t)
at t = 0 from the value ω2

0 to the constant value −κ2, using the conditions of continuity
of functions ε(t) and ε̇(t):

v± =
1√
2

(√
κ

ω0
± i

√
ω0

κ

)
, v+v

∗
− = i+

1

2

(
κ

ω0
− ω0

κ

)
. (2.51)

Then, formula (2.50) yields the following mean energy after the jump for any initial state:

⟨E⟩t>0 =
1

2

[
⟨p2⟩−τ − κ2⟨x2⟩−τ

]
. (2.52)

This result can seem obvious, because the wave function and its mean values do not change
during the instantaneous transformation of the Hamiltonian. However, it is interesting,
because the mean energy after the jump can assume any value, depending on the ratio
κ/ω0 and initial conditions. In particular, under the initial conditions (2.20), the mean
energy turns into zero if κ = ω0. For the initial N -th Fock state we have

⟨E⟩Fock
t>0 =

ℏω0

4
(2N + 1)

(
1− κ2

ω2
0

)
. (2.53)

2.5 Energy fluctuations

It can be interesting to know the strength of the energy fluctuations after the frequency
passes through zero. These fluctuations can be characterized by the variance σE =
⟨E2⟩−⟨E⟩2. Using the solutions (2.7) of the Heisenberg equations of motion, one can write
σE in terms of the initial fourth- and second-order moments of the canonical variables x
and p and various products of functions ε(t), ε̇(t) and their complex conjugated partners.
The complete formula is rather cumbersome in the most general case. For this reason,
we consider here (following [2]) the case of the initial Fock quantum state |N⟩. In this
special case (as well as for arbitrary diagonal mixtures of the Fock states), the nonzero
statistical moments are those containing even powers of each variable, x or p. After some
algebra, one can obtain the following formula (using dimensionless variables and assuming
ℏ = m = ω0 = 1, so that ⟨x4⟩ = ⟨p4⟩) [2]:

16⟨E2⟩t = 2⟨x4⟩−τ

(
A2 +B2

)
+ ⟨x2p2 + p2x2⟩−τ

(
A2 −B2

)
+ ⟨(xp+ px)2⟩−τC

2,

where
A(t) = γ(t)|ε(t)|2 + |ε̇(t)|2, B(t) = Re

[
γ(t)ε2(t) + ε̇2(t)

]
,

C(t) = Im
[
γ(t)ε2(t) + ε̇2(t)

]
.
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2.5.1 The case of harmonic oscillator at t > 0

In the adiabatic regime (2.14) we have

A = 2ω(t)
(
u+|2 + |u−|2

)
, B = 4ω(t)Re (u+u−) , C = 4ω(t)Im (u+u−) . (2.54)

For the initial Fock state |N⟩ we have

⟨x4⟩−τ =
3

4

(
2N2 + 2N + 1

)
, ⟨x2p2 + p2x2⟩−τ =

1

2

(
2N2 + 2N − 1

)
,

⟨(xp+ px)2⟩−τ = 2
(
N2 +N + 1

)
.

Hence,

⟨E2⟩t/ω2(t) =
(
u+|2 + |u−|2

)2
(N + 1/2)2 + 2|u+u−|2

(
N2 +N + 1

)
.

Remembering that the mean energy equals ⟨E⟩t = ω(t)
(
u+|2 + |u−|2

)
(N + 1/2), we

arrive at the following formula for the energy variance:

σE(t) = 2ω2(t)|u+u−|2
(
N2 +N + 1

)
,

σE(t)

⟨E⟩2t
= 2|u+u−|2

N2 +N + 1

N2 +N + 1/4
. (2.55)

In the absence of zero frequency values we have u− = 0. In this case, σE(t) ≡ 0, in
accordance with the Born–Fock adiabatic theorem. However, this theorem is broken
when the frequency passes through zero value. For the initial vacuum state (N = 0) and
the power index n = 2 of the single frequency transition through zero value, we obtain
σE(t)/⟨E⟩2t = 16. This ratio can be four times smaller if N ≫ 1.

2.5.2 The case of inverted oscillator

In the case of inverted oscillator with a constant parameter κ, one should replace ω(t) with
iκ and use the solution (2.48) instead of (2.14). Then, we have the following expressions
instead of (2.54):

A = −2κRe
(
v+v

∗
−
)
, B = −2κRe (v+v−) , C = −2κIm (v+v−) . (2.56)

In the case of a sudden jump (2.51), we obtain

A = ω0

(
1− κ2

ω2
0

)
, B = −ω0

(
1 +

κ2

ω2
0

)
, C = 0.

Hence,

⟨E2⟩Fock
t>0 =

1

16
(ℏω0)

2

[
3
(
2N2 + 2N + 1

)(
1 +

κ4

ω4
0

)
− 2

κ2

ω2
0

(
2N2 + 2N − 1

)]
, (2.57)

σFock
E (t > 0) =

1

8
(ℏω0)

2
(
N2 +N + 1

)(
1 +

κ2

ω2
0

)2

. (2.58)
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2.6 Probability density distribution over energy eigen-
states of the inverted oscillator

It is interesting to calculate the probability density of measuring the energy eigenvalues
of the inverted oscillator with a fixed parameter κ. The evolution of the initial Fock
state |n⟩ is determined completely by the function ε(t) introduced in Sec. 2.2. The time
dependent wave function has the following form [93, 94, 96] (we use dimensionless units
with ℏ = m = 1 in this section):

ψn(x, t) =
(
n! ε

√
π
)−1/2

(
ε∗

2ε

)n/2

exp

(
iε̇

2ε
x2
)
Hn

(
x

|ε|

)
, (2.59)

where Hn(z) is the Hermite polynomial. The wave functions ψ(x;E) of energy eigenstates
are solutions of the stationary Schrödinger equation

d2ψ/dx2 +
(
κ2x2 + 2E

)
ψ = 0. (2.60)

It is known that the energy spectrum of the inverted oscillator is continuous and doubly
degenerate, with −∞ < E < ∞. Two independent normalized solutions to Eq. (2.60)
can be found in papers [32, 74] (we use a slightly different notation):

ψ±(x;E) = NDµ

(
∓x

√
−2iκ

)
, (2.61)

where Dµ(z) is the parabolic cylinder function defined as in books [99, 100]. The index

µ and the normalization constant N are related to the normalized energy Ẽ = E/κ as
follows (we assume κ > 0):

µ = − 1

2
+ iẼ, N =

Γ(−µ) exp(πẼ/4)
π(8κ)1/4

, (2.62)

where Γ(z) is the Euler gamma function. With this normalization, functions (2.61) obey
the relations ∫ ∞

−∞
ψ∗
±(x;E)ψ±(x;E

′)dx = δ(E − E′). (2.63)

In view of the double degeneracy of energy levels in the inverted regime, the instan-
taneous energy probability distribution with respect to the normalized energy can be
written as follows,

Pn(Ẽ) = κ

∣∣∣∣∫ ∞

−∞
ψ∗
n(x, t)|ψ+(x;E)dx

∣∣∣∣2 + κ

∣∣∣∣∫ ∞

−∞
ψ∗
n(x, t)|ψ−(x;E)dx

∣∣∣∣2 . (2.64)

Hence, one has to calculate the integrals of the following structure:

Iµ,n(a, b, c) =

∫ ∞

−∞
e−ax2

Dµ(cx)Hn(bx)dx. (2.65)

Although explicit expressions for the integral (2.65) are absent in the main reference
books, such as [99–101], it can be calculated analytically with the aid of the integral
representation of the parabolic cylinder function (see formula 9.241.2 from [99]),

Dµ(z) =
e−z2/4

Γ(−µ)

∫ ∞

0

exp
(
−zy − y2/2

)
y−µ−1dy. (2.66)



32 V. V. Dodonov and A. Dodonov

Putting the integral (2.66) in Eq. (2.65) and changing the order of integrations, we arrive
at the integral ∫ ∞

−∞
exp

[
−(a+ c2/4)x2 − ycx

]
Hn(bx)dx,

which can be calculated with the aid of formula 7.374.8 from [99],∫ ∞

−∞
e−(ξ−η)2Hn(αξ)dξ =

√
π
(
1− α2

)n/2
Hn

(
αη√
1− α2

)
, (2.67)

with

α =
b√

a+ c2/4
, η = − yc

2
√
a+ c2/4

.

Hence, we can write

Iµ,n =
(−1)n

√
π
(
a+ c2/4− b2

)n/2
Γ(−µ) (a+ c2/4)

(n+1)/2

∫ ∞

0

exp
(
−By2

)
Hn(Ay)y

−µ−1dy, (2.68)

where

A =
bc/2√

(a+ c2/4)(a+ c2/4− b2)
, B =

a− c2/4

2(a+ c2/4)
.

The value of the integral in (2.68) depends on the parity of the Hermite polynomials,
according to formulas 7.376.2 and 7.376.3 from [99]:∫ ∞

0

e−2γx2

xνH2k(x)dx = (−1)k22k−
3
2−

ν
2
Γ
(
ν+1
2

)
Γ
(
k + 1

2

)
√
πγ

ν+1
2

F

(
−k, ν + 1

2
;
1

2
;
1

2γ

)
,

∫ ∞

0

e−2γx2

xνH2k+1(x)dx = (−1)k22k−
ν
2
Γ
(
ν
2 + 1

)
Γ
(
k + 3

2

)
√
πγ

ν
2+1

F

(
−k, ν

2
+ 1;

3

2
;
1

2γ

)
,

where F (a, b; c; z) is the Gauss hypergeometric function. In our case, we have

ν = −µ− 1 = −1

2
− iẼ, 2γ = B/A2 = 2

(
a− c2/4

) (
a+ c2/4− b2

)
/(bc)2.

If ε(t) is given by Eq. (2.48), we have

a =
iε̇∗

2ε∗
=
iκ

2

v∗+e
κt − v∗−e

−κt

v∗+e
κt + v∗−e

−κt
, b = 1/|ε| =

√
2κ

|v+eκt + v−e−κt|
, c2/4 = −iκ/2,

a− c2/4 =
iκv∗+e

κt

v∗+e
κt + v∗−e

−κt
, a+ c2/4 = −

iκv∗−e
−κt

v∗+e
κt + v∗−e

−κt
.

Hereafter, we consider the special case of a sudden jump, with coefficients (2.51).
Since the energy distribution cannot depend on time for the stationary Hamiltonian at
t > 0, the coefficients a and b can be taken at the initial instant t = 0+. Hence, we can
use more simple expressions

a =
iκ

2

v∗+ − v∗−
v∗+ + v∗−

= ω0/2, b =

√
2κ

|v+ + v−|
=

√
ω0,



From harmonic to inverted oscillator 33

a± c2/4 =
1

2
(ω0 ∓ iκ) , a+ c2/4− b2 = − 1

2
(ω0 + iκ) ,

so that

2γ =
(ω0 + iκ)

2

4iκω0
=

(1 + iρ)
2

4iρ
, ρ ≡ κ/ω0.

Final formulas for the energy probability densities after the jump are as follows,

P2k(Ẽ; ρ) =
Γ(k + 1

2 )ρ
1/2

2π2k!(1 + ρ2)1/2
e2ẼΦ(ρ)

∣∣∣∣∣Γ
(
1

4
− i

Ẽ

2

)
F

(
−k, 1

4
− i

Ẽ

2
;
1

2
; z(ρ)

)∣∣∣∣∣
2

, (2.69)

P2k+1(Ẽ; ρ) =
8Γ(k + 3

2 )ρ
3/2

π2k!(1 + ρ2)3/2
e2ẼΦ(ρ)

∣∣∣∣∣Γ
(
3

4
− i

Ẽ

2

)
F

(
−k, 3

4
− i

Ẽ

2
;
3

2
; z(ρ)

)∣∣∣∣∣
2

, (2.70)

Φ(ρ) =
π

4
− tan−1(ρ) = tan−1

(
1− ρ

1 + ρ

)
, z(ρ) =

4iρ

(1 + iρ)2
.

If ρ = 1, the formulas can be simplified as follows,

P2k(Ẽ) =
Γ(k + 1/2)

23/2π2k!

∣∣∣∣∣Γ
(
1

4
− i

Ẽ

2

)
F

(
−k, 1

4
− i

Ẽ

2
;
1

2
; 2

)∣∣∣∣∣
2

, (2.71)

P2k+1(Ẽ) =
23/2Γ(k + 3/2)

π2k!

∣∣∣∣∣Γ
(
3

4
− i

Ẽ

2

)
F

(
−k, 3

4
− i

Ẽ

2
;
3

2
; 2

)∣∣∣∣∣
2

. (2.72)

We used the known formula Γ(2z) = 22z−1π−1/2Γ(z)Γ(z+1/2). All probability distribu-
tions (2.71) and (2.72) are even functions of energy, because the mean energy after the
jump with ρ = 1 equals zero. In particular, for k = 0 we have

P0(Ẽ) = (2π)−3/2

∣∣∣∣∣Γ
(
1

4
− i

Ẽ

2

)∣∣∣∣∣
2

, P1(Ẽ) =

(
2

π3

)1/2
∣∣∣∣∣Γ
(
3

4
− i

Ẽ

2

)∣∣∣∣∣
2

. (2.73)

In these special cases, the correct normalization
∫∞
−∞ P (Ẽ)dẼ = 1 can be checked with

the aid of formula 2.2.4.1 from [101],∫ ∞

0

|Γ(a+ ix)|2dx = 2−2aπΓ(2a). (2.74)

Using the relations

(a+ ix)Γ(a+ ix) = Γ(a+ 1 + ix),
(
a2 + x2

)
|Γ(a+ ix)|2 = |Γ(a+ 1 + ix)|2,

we obtain the integral ∫ ∞

0

x2|Γ(a+ ix)|2dx = 2−2a−1πaΓ(2a). (2.75)

Hence, writing P (Ẽ) = Na|Γ(a + iẼ/2)|2, we obtain the following formula for the mean
value ⟨Ẽ2⟩ with respect to the probability densities P0(Ẽ) and P1(Ẽ):

⟨Ẽ2⟩ = 16πaNa2
−2a−1Γ(2a) .
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For a = 1/4 we have ⟨Ẽ2⟩ = 1/2, while for a = 3/4 we have ⟨Ẽ2⟩ = 3/2. These values
coincide exactly with those given by Eq. (2.57) for N = 0 and N = 1 (provided κ = ω0).

For k = 1 and k = 2, we obtain the following expressions:

P2(Ẽ) =
(
2π3
)−1/2

Ẽ2

∣∣∣∣∣Γ
(
1

4
− i

Ẽ

2

)∣∣∣∣∣
2

,

P3(Ẽ) =

(
2

π

)3/2
Ẽ2

3

∣∣∣∣∣Γ
(
3

4
− i

Ẽ

2

)∣∣∣∣∣
2

.

P4(Ẽ) =

(
1− 2Ẽ2

)2
6(2π)3/2

∣∣∣∣∣Γ
(
1

4
− i

Ẽ

2

)∣∣∣∣∣
2

,

P5(Ẽ) =
6

5(2π)3/2

(
1− 2

3
Ẽ2

)2
∣∣∣∣∣Γ
(
3

4
− i

Ẽ

2

)∣∣∣∣∣
2

.

Looking at plots of functions Pn(Ẽ) in Figures 2.1–2.4 (where we consider the ar-
guments Ẽ ≥ 0 only, due to the symmetry of distributions), one can notice that dis-
tributions P2k(Ẽ) and P2k+1(Ẽ) behave in a similar way, in spite of slightly different
analytical expressions (2.71) and (2.72) for the initial even and odd Fock states. On the
other hand, the parity of number k turns out to be important. If this number is even
(k = 0, 2, 4, . . .), the probability densities at Ẽ = 0 are different from zero. In contrast,
P2k(0) = P2k+1(0) for odd values k = 1, 3, 5, . . .: see Figures 2.3 and 2.4. All prob-
ability distributions have [k/2] zeros at positive values of argument Ẽ (and symmetric
zeros at negative values). The heights of the first [k/2] maximas slowly increase with
Ẽ, whereas the last maximum is significantly higher (by approximately 50%) and wider.
This last maximum of Pn(Ẽ) is attained when Ẽ is a little smaller than n. The func-
tion Pn(Ẽ) rapidly goes to zero at Ẽ > n. Its asymptotic behavior for |Ẽ| > n can
be described by the formula Pn(Ẽ) ∼ gn(Ẽ) exp(−π|Ẽ|/2), where the pre-factor gn(Ẽ)
contains some powers of |Ẽ|. This is the consequence of formula 1.18(6) from [100]:
lim|y|→∞ |Γ(x + iy)|2eπ|y||y|1−2x = 2π. Numerical calculations confirm the asymptotic
formula with high accuracy.
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Figure 2.1: Functions P0(Ẽ), P4(Ẽ) and P8(Ẽ) after the jump with ρ = 1.
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Figure 2.2: Functions P1(Ẽ), P5(Ẽ) and P9(Ẽ) after the jump with ρ = 1.
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Figure 2.3: Functions P6(Ẽ), P10(Ẽ) and P14(Ẽ) after the jump with ρ = 1.
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Figure 2.4: Functions P7(Ẽ), P11(Ẽ) and P15(Ẽ) after the jump with ρ = 1.

If ρ ̸= 1, the distributions (2.69) and (2.70) lose the symmetry with respect to the
point Ẽ = 0, in accordance with formula (2.53). However, due to the relations

Φ(1/ρ) = −Φ(ρ), z(1/ρ) = z∗(ρ)
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we have the following reciprocity formula:

Pn(Ẽ; ρ) = Pn(−Ẽ; 1/ρ). (2.76)

Some examples of distributions with different values of ρ are shown in Figures 2.5 and
2.6.
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Figure 2.5: Functions P8(Ẽ) after the jumps with ρ = 1/2, 1, 2.
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Figure 2.6: Functions P10(Ẽ) after the jumps with ρ = 1/2, 1, 2.

2.7 Discussion

Let us discuss briefly the main results of this work. We have obtained explicit analytical
formulas for the mean energy and its variance (characterizing the energy fluctuations) in
the adiabatic regimes after the frequency passes through zero. The behavior of energy
turns out to be quite different in two cases: when the frequency remains real and when
it becomes imaginary. In the first case, the mean energy always increases when the
frequency returns to its initial value, and the increment coefficient is determined by the
exponent in the power law of the frequency crossing zero. On the other hand, if the
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frequency becomes imaginary, the absolute value of mean energy increases exponentially,
even in the adiabatic regime, unless the Hamiltonian becomes time independent. It is
worth emphasizing that even small corrections to the leading terms of simple adiabatic
approximate formulas are crucial in this case, due to the unstable nature of the motion.

The mean energy does not depend on time after a sudden transformation of a harmonic
oscillator to an inverted oscillator with constant parameters. In this case, the mean energy
can be both positive and negative (or zero), depending on the ratio of the initial and final
frequencies.

Comparing the results of this study with those obtained in paper [2], we can expect
that the adiabatic behavior of energy and other observables can be even more intricate
when the function γ(t) in the Hamiltonian (2.1) passes through zero many times, changing
its signs. Probably, some kinds of quasi-chaotic behaviors could be observed. However,
this complicated problem deserves a separate study.
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Pesquisa do Distrito Federal (FAPDF), grant number 00193-00001817/2023-43.

2.8 References

[1] L. D. Landau and E. M. Lifschitz, Mechanics, Mir: Moscow, 1966.
[2] V. V. Dodonov and A. V. Dodonov, Adiabatic amplification of the harmonic oscil-

lator energy when the frequency passes through zero, Entropy 25, 2 (2023).
[3] F. Schwabl and W. Thirring, Quantum theory of laser radiation, Ergeb. Exakten

Naturwiss. 36, 219-242 (1964).
[4] R. Glauber, Quantum amplifiers, attenuators and their irreversible behaviour, in

Proceedings of the Second International Seminar on Group Theoretical Methods
in Physics (Zvenigorod, USSR, 24-26 November 1982), edited by M. A. Markov,
V. I. Man’ko and A. E. Shabad, Harwood Academic, New York, 1985, Vol. I, pp.
137-148.

[5] R. J. Glauber, Amplifiers, attenuators, and Schrödinger’s cat, Ann. New York Acad.
Sci. 480, 336-372 (1986).

[6] M. Moshinsky and T. H. Seligman, Canonical transformations to action and angle
variables and their representations in quantum mechanics, Ann. Phys. 114, 243-272
(1978).

[7] V. V. Dodonov and V. I. Man’ko, Coherent states and the resonance of a quantum
damped oscillator, Phys. Rev. A 20, 550-560 (1979).

[8] P. G. L. Leach, Sl(3,R) and the repulsive oscillator, J. Phys. A: Math. Gen. 13,
1991-2000 (1980).

[9] A. H. Guth and S.-Y. Pi, Quantum mechanics of the scalar field in the new infla-
tionary universe, Phys. Rev. D 32, 1899-1920 (1985).

[10] G. Barton, Quantum mechanics of the inverted oscillator potential, Ann. Phys. 166,
322-363 (1986).



38 V. V. Dodonov and A. Dodonov

[11] W. Elberfeldt, M. Klebert, W. Becker, and M. O. Scully, Laser-assisted tunnelling,
J. Phys. B: At. Mol. Phys. 19, 2589-2597 (1986).

[12] N. L. Balazs and A. Voros, Wigner’s function and tunneling, Ann. Phys. 199, 123-
140 (1990).

[13] G. J. Papadopoulos, Time-dependent quantum tunneling via crossover processes,
J. Phys. A: Math. Gen. 23, 935-947 (1990).

[14] V. V. Dodonov and D. E. Nikonov, Application of Feynman propagators to the
motion of one-dimensional wave packets, J. Sov. Laser Res. 12, 461–464 (1991).

[15] S. Baskoutas, A. Jannussis, and R. Mignani, Dissipative tunnelling of the inverted
Caldirola–Kanai oscillator, J. Phys. A: Math. Gen. 27, 2189–2196 (1994).

[16] M. Kleber, Exact solutions for time-dependent phenomena in quantum mechanics,
Phys. Rep. 236, 331-393 (1994).

[17] Y. Nogami and F. M. Toyama, Nonlinear Schrödinger soliton in a time-dependent
quadratic potential, Phys. Rev. E 49, 4497-4501 (1994).

[18] W. H. Zurek and J. P. Paz, Decoherence, chaos, and the second law, Phys. Rev.
Lett. 72, 2508-2511 (1994).

[19] A. Albrecht, P. Ferreira, M. Joyce, and T. Prokopec, Inflation and squeezed quan-
tum states, Phys. Rev. D 50, 4807-4820 (1994).

[20] R. K. Bhaduri, A. Khare, S. M. Reimann, and E. L. Tomusiak, The Riemann Zeta
function and the inverted harmonic oscillator, Ann. Phys. 254, 25-40 (1997).

[21] M. Castagnino, R. Diener, L. Lara, and G. Puccini, Rigged Hilbert spaces and time
asymmetry: the case of the upside-down simple harmonic oscillator, Int. J. Theor.
Phys. 36, 2349-2369 (1997).

[22] M. M. Nieto and D. R. Truax, Displacement-operator squeezed states. II. Examples
of time-dependent systems having isomorphic symmetry algebras, J. Math. Phys.
38, 98-114 (1997).

[23] G. J. Papadopoulos, Microwave-assisted tunnelling in the presence of dissipation,
J. Phys. A: Math. Gen. 30, 5497-5510 (1997).

[24] S. Nonnenmacher and A. Voros, Eigenstate structures around a hyperbolic point,
J. Phys. A: Math. Gen. 30, 295-315 (1997).

[25] G. G. Adamian, N. V. Antonenko, and W. Scheid, Tunneling with dissipation in
open quantum systems, Phys. Lett. A 244, 482-488 (1998).

[26] P. A. Miller and S. Sarkar, Fingerprints of classical instability in open quantum
dynamics, Phys. Rev. E 58, 4217-4225 (1998).

[27] A. Isar, A. Sandulescu, and W. Scheid, Dissipative tunneling through a parabolic
potential in the Lindblad theory of open quantum systems, Eur. Phys. J. D 12,
3-10 (2000).

[28] T. Shimbori and T. Kobayashi, Stationary flows of the parabolic potential barrier
in two dimensions, J. Phys. A: Math. Gen. 33, 7637-7652 (2000).

[29] S. Matsumoto and M. Yoshimura, Dynamics of barrier penetration in a thermal
medium: Exact result for the inverted harmonic oscillator, Phys. Rev. A 63, 012104
(2000).

[30] R. Blume-Kohout and W. H. Zurek, Decoherence from a chaotic environment: An
upside-down “oscillator” as a model, Phys. Rev. A 68, 032104 (2003).

[31] J.-R. Choi, Exact quantum state for the time-dependent repulsive oscillator with a
driving force and with a singular perturbation, Phys. Scr. 70, 271-275 (2004).
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[79] W. Wöger, H. King, R.J. Glauber, and J. W. Haus, Spontaneous generation of
coherent optical beats, Phys. Rev. A 34, 4859-4868 (1986).

[80] S. Tarzi, The inverted harmonic oscillator: some statistical properties, J. Phys. A:
Math. Gen. 21, 3105-3111 (1988).

[81] R. Grimaudo, V. I. Man’ko, M. A, Man’ko, and A. Messina, Dynamics of a harmonic
oscillator coupled with a Glauber amplifier, Phys. Scr. 95, 024004 (2020).

[82] L. Parker, Quantized fields and particle creation in expanding universes, II, Phys.
Rev. D 3, 346–356 (1971).

[83] J. Janszky and Y. Y. Yushin, Squeezing via frequency jump, Opt. Commun. 59,
151–154 (1986).

[84] R. Graham, Squeezing and frequency changes in harmonic oscillations, J. Mod.
Opt. 34, 873–879 (1987).

[85] X. Ma and W. Rhodes, Squeezing in harmonic oscillators with time-dependent
frequencies, Phys. Rev. A 39, 1941–1947 (1989).

[86] C. F. Lo, Squeezing by tuning the oscillator frequency, J. Phys. A: Math. Gen. 23,
1155–1165 (1990).

[87] J. Janszky and P. Adam, Strong squeezing by repeated frequency jumps, Phys.
Rev. A 46, 6091–6092 (1992).

[88] V. V. Dodonov, A. B. Klimov, and D. E. Nikonov, Quantum phenomena in non-
stationary media, Phys. Rev. A 47, 4422–4429 (1993).

[89] T. Kiss, J. Janszky, and P. Adam, Time evolution of harmonic oscillators with time-
dependent parameters: a step-function approximation, Phys. Rev. A 49, 4935–4942
(1994).

[90] E. Sassaroli, Y. N. Srivastava, and A. Widom, Photon production by the Dynamical
casimir effect, Phys. Rev. A 50, 1027–1034 (1994).

[91] J. T. Mendonça, A. Guerreiro, and A. M. Martins, Quantum theory of time refrac-
tion, Phys. Rev. A 62, 033805 (2000).

[92] D. Mart́ınez-Tibaduiza, L. Pires, and C. Farina, Time-dependent quantum harmonic
oscillator: a continuous route from adiabatic to sudden changes, J. Phys. B: At.
Mol. Opt. Phys. 54, 205401 (2021).

[93] K. Husimi, Miscellanea in elementary quantum mechanics. II. Prog. Theor. Phys.
9, 381–402 (1953).

[94] V. S. Popov and A. M. Perelomov, Parametric excitation of a quantum oscillator,
Zhurn. Eksp. Teor. Fiz. 56, 1375–1390 (1969) [ Sov. Phys. – JETP 29, 738–745]
(1969).

[95] H. R. Lewis Jr. and W. B. Riesenfeld, An exact quantum theory of the time-
dependent harmonic oscillator and of a charged particle in a time-dependent elec-



42 V. V. Dodonov and A. Dodonov

tromagnetic field, J. Math. Phys. 10, 1458–1473 (1969).
[96] I. A. Malkin, V. I. Man’ko, and D. A. Trifonov, Coherent states and transition

probabilities in a time-dependent electromagnetic field, Phys. Rev. D 2, 1371–1385
(1970).

[97] R. Cordero-Soto, E. Suazo, and S. K. Suslov, Quantum integrals of motion for
variable quadratic Hamiltonians, Ann. Phys. 325, 1884–1912 (2010).

[98] V. V. Dodonov, Universal integrals of motion and universal invariants of quantum
systems, J. Phys. A: Math. Gen. 33, 7721–7738 (2000).

[99] I. S. Gradshtein and I. M. Ryzhik, Table of Integrals, Series, and Products, Aca-
demic: Amsterdam, 2007.
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