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Abstract: We derive the free wave solutions of the Dirac equation from the viewpoint of matrix algebra. The concept of spin and the

corresponding helicity states are analyzed in detail. This consideration may help the readers to study mathematical methods of relativistic
quantum mechanics.

19.1 Abstract & 19.2 Introduction

We use elementary matrix algebra to derive the free wave solutions of the Dirac equation and examine
the fundamental concepts of spin, polarization, and helicity states in details. This consideration can aid
readers in studying the mathematical methods of relativistic quantum mechanics. We hope that our
somewhat informal presentation may help beginners to enjoy the study of mathematics of relativistic
quantum mechanics. To this end, we include important details of calculations which are usually omitted
elsewhere. Computer algebra methods are useful for verification.

Wolfram Notebook:

This is our supplementary Mathematica notebook - always work in progress - do it yourself! (Please
check for updates!)

We use below only basic Mathematica commands suitable for the beginners. You will be able to run
each section and subsection independently from the others.
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19.4. Matrix Algebra Plane Wave Solutions

Here we verify our identities (19.12) and (19.13)

dentity (19.12):

This is the first matrix in the L.h.s. of (19.12) in 4x4 form, say E=R>0:
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{{mxc"2-R, 0, C*xp3, C*x (P1-Ixpy)}, {0, MmxCc”2-R, C* (py +Ixpy), -Cxp3},
{c*xp3, Cx (p1-Ixpy), -mxc*2-R, O}, {Cx (p1 +I*p,), -C*p3, O, -mxc”2 -R}} // MatrixForm

c?m-R 0 cps C (p1-1p2)
0 c?m-R c (p1+1p2) -Cp;3
cps C(pr-ipy) -c”m-R 0

C (p1+1p2) -Cp3 (% -c?m-R

This is the second matrix in the I.h.s. of (19.12), when R—»-R:

{{mxc”2+R, 0, C*xp3, C*x (P1-Ixpy)}, {0, MxCc”2+R, C* (p1+Ixpy), -Cxp3},
{c*xp3, Cx (p1-Ixpy), -mxc*2+R, O}, {Cx (p1 +I*py), -C*p3, O, - mxc”2 +R}} // MatrixForm

c?m+R 0 Cps C (p1-1p2)
0 c2m+R c (p1+1py) -Ccps
cps C(pp-ipy) -c”m+R 0

c (p1+1py) -cps 0 -c?m+R

Evaluating their product:

{{m*c”2-R, @, c*p3, C*x (P1-I*p2)}, {0, mxc”2-R, Cc* (p1+Ixp;), -C*xp3},
{C*xp3, C*x (Pp1-I*py), -mxc”2-R, O}, {Cx (p1+I*py), -Cxp3, @, -mxc”2-R}}.
{{m*c”2+R, O, Cxp3, Cx (Pp1-I*xpy)}, {0, mxc”2+R, Cx (p1+I*py), -Cxp3},
{C*xp3, C*x (P1-I*py), -m*xc”2+R, O}, {Cx (Pp1+I*py), -C*xp3, O, -m*xCc”2+R}};
FullSimplify[%] // MatrixForm

c4m2—R2+c2(p%+p§+p§) 0 0 2}
0 c*m? - R2 + c2 (p? + p3 + p3) 0 0
0 2 c*m? - R2 + c2 (p? + p3 + p}) 2
0 0 0 c*m? - R? + c2 (pi + p3 + p3)

This is the r.h.s. of (19.12) in 4x4 form.

Identity (19.13):

This is the matrices in the Lh.s. of (19.13):

{{m*c"2+R, @, C*p3, Cx (P1-Ixp2)}, {0, MxC"2+R, Cx (P +I*py), -Cxp3},
{cxp3, Cx (pr-I*py), -m*xc”2-R, O}, {Cx (pp+I%py), -C*xp3, @, -mxCc”~2 -R}} // MatrixForm

c?m+R 0 Ccps C (p1-1p2)
0 c2m+R ¢ (py+1py) -cp;
cps C (p1-1p2) -c?m-R 0

C (p1+1p2) -Cps3 0 -cm-R

Evaluating the product in the L.h.s. of (19.13):

{{m*c”"2+R, O, Cxp3, C* (Pp1-I*xpy)}, {0, mxc”*2+R, Cx (p1+I*py), -Cxp3},
{c*xp3, C*x (p1-I*xpy), -mxc”2-R, O}, {C*x (p1+I%xpy), -Cxp3, O, -mxCc"2-R}}.
{{m*c”2+R, @, Cxp3, Cx (Pp1-I*py)}, {9, mxc”2+R, Cx (p1+Ixpy), -C*p3},
{c*p3, Cx (pp-I%pz), -mxc”2-R, O}, {Cx (p1+Ixpy), -C*p3, O, -mxCc"2-R}};
FullSimplify[%] // MatrixForm

(c2m+R)z+c2 (P} + p3 + p3) ] 0 0
] (c2m+R)2+c2(p%+p§+p§) 0 ]
0 0 (c2m+R)*+c? (p? + p3 + p3) 0

0 ) ] (t:ZerR)2+C2 (Pt +p3 +p3)
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This is the r.h.s. of (19.13).

19.5. Fermi’s bi-spinors

Verification of Fermi’s bi-spinors.

5.1 Equation (19.26):

This is the matrix in the I.h.s. of (19.26):

{{mxc”"2, @, cxp3, C* (p1-Ixpy)}, {0, MxCc"2, Cx (p1 +I%py), -Cxp3},
{cxp3, Cx (p1-Ixpy), - mxc”2, O}, {C* (py+Ixpy), -Cxp3, O, -mxc”2}} // MatrixForm

cZm < cp3 c (p1-1p2)
0 czm c (py+1ipy) -cp;
cps c (p1-1p2) -cZm 0

C (py+1p2) -Cp3 0 -c?m

This is Fermi’s bi-spinor in the |.h.s. of (19.26); see also equation (27), on page 368, in Fermi’s lectures:

{{(c*p3) / (R-mxc”2)}, {(c* (pr+Ixp;))/ (R-mxc”2)}, {1}, {@}} // MatrixForm

_€Pbs
-c2m+R
C (p1+ipy
-c2m+R
1
(4]

Evaluating their product:

{{m*c™2, 0, cxp3, C*x (p1-Ixp;)}, {0, mxc"2, c* (p1+Ixp;), -Cxp3},
{c*p3, Cx (pp-I*pz), -mxc”2, O}, {C* (p1+I*pz), -C*p3, @, -mxCc"2}}.

{{(cxp3) / (R-mxc”2)}, {(c*x(p1+Ixpy))/ (R-mxc”2)}, {1}, {0}};
FullSimplify[%] // MatrixForm

_ CRps
c2m-R
CR (p1+ip;

c?m-R
(c2m?-mR+pi+p3+p3)

cZ

c2m-R

0

Substitution from (19.15):

%/.p2+ps+ps-> (RA2-mr2xcd) /ch2;
FullSimplify[%] // MatrixForm

_ CRps
c?m-R
CR (p1+ip;
c2m-R

R
0

This is the r.h.s. of (19.26).
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5.2 In a similar fashion for the fourth Fermi’s bi-spinor:

This is the matrix in the I.h.s. of (19.26), once again:

{{m*c"2, 0, cxp3, C*x (Pp1-Ixp;)}, {0, mxc"2, cx (p1+Ixp;), -C*xp3},
{cxps, Cx (p1-I%py), -mxCc”2, O}, {Cx (py+I%py), -C*xp3, O, -mxCc”~2}} // MatrixForm

c?m 0 Ccps C (p1-1p2)
) c’m C (p1+1py) -Cps
cp; C (p1-1p2) -c*m 0

C (p1+1p3) -Cp3 0 -c*m

This is the last bi-spinor (27), up to normalization, on page 368, in Fermi’s lectures:

{({(cx(PL-Ixp2))/ (R-mxc”2)}, {-(c*p3)/(R-mxc”2)}, {8}, {1}} // MatrixForm

€ (p1-1pa)
-c2m+R
cps

-c2m+R

(4]
1

Evaluating their product:

{{m*c™2, 0, cxp3, C*x (Pp1-Ixp;)}, {0, mxc"2, cx (p1+Ixp;), -Cxp3},
{c*p3, Cx (pp-I%pz), -mxc”2, O}, {Cc* (p1+I*pz), -C*p3, @, -mxCc"2}}.
{{(cx(p1-Ixpz))/ (R-mxc”2)}, {-(c*p3)/ (R-mxc”2)}, {0}, {1}};
FullSimplify[%] // MatrixForm
_CR(p;-ipy
cm-R
CRp3
cm-R
0

2 (c2m?-mR+p3+p3+p3)

C

c?2m-R

%/.p2+ps+ps> (RP2-mr2xCc”4) /c2;
FullSimplify[%] // MatrixForm
CR (p1-1py)
c2m-R
CRp;
c?m-R
0
R

This is the last bi-spinor (27), on page 368, in Fermi’s lectures multiplied by +R.

5.3 Fermi’s bi-spinors are linearly dependent:

The (transposed) matrix of all four Fermi’s bi-spinor (26-27) in Appendix B, page 368, in reverse order:



{{(cx (p1-Ixpy))/ (R-mxc”2), -(c*p3) / (R-mxc”2), @, 1},
{(cxp3) / (R-mxc”2), (c* (p1+I%py))/ (R-mxc”2), 1, 0},
{0, 1, (cx(p1-Ixpy))/ (R+mxc”™2), -(cxp3)/ (R+mxc"2)},
{1, @, (c*p3)/ (R+mxc”2), (c*x (p1+I*xpy))/ (R+mxc”2)}} // MatrixForm

€ (p1-ipy) __¢Cps 0 1
-c2m+R —c2m+R
Ccp3 C (py+ipy) 1 )
—c2m+R ~c2m+R
) 1 € (p1-1ipy) __€p3
c2m+R c2m+R
1 ) Ccps3 C (p1+ip;
c?m+R c?m+R

Transpose[%] // MatrixForm

€ (pi-ipy cp; ) 1
—c2m+R —c2m+R
__Cps C (py+ipy) 1 )
—c2m+R ~c2m+R
) 1 C (p1-1ipy cps
c2m+R c?m+R
1 ) _ _Cps C (p1+ipy
c?m+R c?m+R
Det[%];
FullSimplify[%]

(c*m? -R2+c? (p}+p}+p3))?

(7c4m2+R2)2

%/.p2+ps+ps-> (R*2-mr2xc4) /ch2

0
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Thus the determinant of all four Fermi’s bi-spinors (26-27), on page 368, is zero.

5.4 Verification of correct solutions in (19.18):

This is the matrix in the I.h.s. of (19.26), once again:

{{m*c”2, 0, Cxp3, Cx (p1-Ixpy)}, {0, mxc"2, Cx (p1+Ixpy), -C*xp3},

{cxp3, Cx (pr-I*xpy), -mxCc”~2, O}, {Cx (py+I%py), -C*xp3, @, -mxCc”~2}} // MatrixForm

c?m 0 Ccps c (p1-1p2)
0 cZm C (p1+1p2) -Cps3
cps C (p1-1p2) -cm 0

C (p1+1p2) -Cps3 0 -cm

These are two bi-spinors (19.19) for the positive energy eigenvalues:

{{1, @}, {0, 1}, {(c*p3) / (R+mxc"2), (Cx (p1-Ixpz))/ (R+mxc”2)},
{(cx (pr+I%xpy))/ (R+mxc”2), -(cxp3)/ (R+mxc”2)}} // MatrixForm

1 0
0 1
cp; € (p1-1ipy)
c?m+R c2m+R
C (p1+ip; Ccps
cZm+R T 2meR

Evaluating the product:

| 5
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{{m%xc”2, O, cxp3, Cx (p1 - I*xpy)}, {0, mxc™2, cx (py +I*xpy), -C*p3},
{C*xp3, Cx (Pp1-I*py), -mxc”™2, O}, {Cx (pp+Ixpy), -Cxp3, O, -MmxCc”™2}}.
{{1, 0}, {8, 1}, {(c*p3) / (R+mxc"2), (c* (p1-I%p;))/ (R+mxc”2)},
{(cx(pr+I*py))/ (R+mxc”2), -(cxp3)/ (R+mxc”2)}};
FullSimplify[
%]

%/.p2+ps+pi> (RP2-mr2xCc”4) /c2;
FullSimplify[%] // MatrixForm

R 0
0 R
cRps CR (p1-1p3)
c2m+R cZm+R
CR (py+1py) _ CRp3
c2m+R cZm+R

Those are our bi-spinors (19.19), up to normalization, or Fermi’s first set (26), on page 368, multiplied
by +R.

These are two bi-spinors (19.20) for the negative energy eigenvalues:

{{(c*p3) / (R+mxc”2), (cx (p1-Ixpz))/ (R+mxc”2)},
{(cx (pr+I%py))/ (R+mxc”2), -(cxp3)/ (R+mxc”2)}, {-1, 0}, {0, -1}} // MatrixForm

cps € (p1-1ipy)

cZm+R c?m+R
C (p1+ip; cps
c2m+R T 2meR
-1 0
0 -1

Evaluating the product:

FullSimplify[{{m*c”~2, @, Cxp3, C*x (P1 - I*py)}, {@, mxc”2, cx (p1+I*py), -C*p3},
{C*xp3, C*x (p1-I*xpy), -mxc™2, O}, {Cx (p1+I*py), -C*p3, O, -MmxCc”2}}.
{{(c*p3) / (R+mxc”2), (c* (p1-I%p;))/ (R+mxc”2)},
{(cx (pr+I*xpz))/ (R+mxc"2), —-(cxp3)/ (R+mxc”2)}, {-1, @}, {0, -1}}];

%/.pl+p3+p}> (R"2-mr2xcra) /cr2;
FullSimplify[%] // MatrixForm

_ CRps _ CR(pj-ipp
c2m+R c2m+R
_ CR (py+ipy) CRps
c2m+R c2m+R
R 0
0 R

Those are our bi-spinors (19.20) multiplied by -R.

19.6. Relativistic Helicity States

6.2 Nonrelativistic Helicity States

Equation (19.45): the first matrix.
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{{cos[6/2] xExp[- (Ix¢) /2], Sin[6/2] xExp[- (I*¢) /2]},
{sin[e/2] +Exp[(Ix¢) /2], -Cos[6/2] xExp[ (I+¢) /2]}} //MatrixForm

]
]

Equation (19.45): the second matrix.

i¢

e 2 Cos[f} efiT& Sin[
i¢

e%sin[f] -ez Cos|

o NI

{{cos[6/2] Exp[ (Ix¢) /2], Sin[6/2] xExp[-(I%¢) /2]},
{-sin[e/2] xExp[ (Ix¢) /2], Cos[6/2] xExp[-(I*¢) /2]1}} // MatrixForm

e Cos[2] e & sin[]
—e%sinE] e%Cos[f}

Their product:

{{cos[6/2] xExp[- (Ix¢) /2], Sin[6/2] xExp[- (I*¢) /2]},

{sin[e/2] xExp[(Ix¢) /2], -Cos[6/2] xExp[ (I*¢) /2]}}.

{{cos[6/2] Exp[ (Ix¢) /2], Sin[6/2] xExp[-(I+9) /2]},

{-Sin[e/2] xExp[ (Ix¢) /2], Cos[6/2] xExp[-(I*¢) /2]1}} // MatrixForm
612 inf81]2 e

Cos[z} 751n[2] :

2

2et¢Cos|?] Sin[%] ]

2<eMCos[§] Sin[f] —Cos[§}2+sin[§]

FullSimplify[%] // MatrixForm

Cos[6] e t?sin[o]
et?sin[6] -Cos[O]

This is the r.h.s of (19.45).
Checking (19.40) by matrix multiplication; both equations together as presented in the I.h.s. of (19.46):

( Cos [6] e-id’Sin[e]) e Cos[2] -e’7 sin[Z]

et?sin[e] -Cos[o] e?sin[g] e%Cos[f]

FullSimplify[%] // MatrixForm

]
]

This is the r.h.s of (19.40&46).

Verification of equations (19.41): the spinor (19.38) and its Hermitian conjugate.

e Cos[?} e Sin|

e%sin[f] -ez Cos|

Nvjo NI

{{Cos[6/2] xExp[- (Ix¢) /2]}, {Sin[6/2] Exp[(Ix¢) /2]}} // MatrixForm

i¢

e'TCos[f}

o
ez Sln[%]
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Transpose[%] ;
%/.¢-> -0 // MatrixForm

e Cos[2] & 7 sin[2] |

For the first component of (19.41) with the first Pauli matrix:

{{o, 1}, {1, 0}} // MatrixForm

(1)
10
'ﬂ_‘tCos[e]
i i e 2 =
(e¥cos[e] eFsin[2])-(9 a)-| o 25
ez_sin[i]
FullSimplify[%]

{{Cos[¢] Sin[O]}}

[This is the first component of the polarization vector in (19 .36 )]

In a similar fashion, for the second component of (19.41):

_ie
e Cos[%]

(e¥Cos[§] e'%sin[%] )(? _OI)°

i . ;
es sin[2]
FullSimplify[%]

{{Sin[e] Sin[¢]}}

For the third component of (19.41):

e'i% Cos[g]

(e¥cos[2] eFsin[2] ) (3 &) = 21
: : 11| e sin[2]

FullSimplify[%]

({Cos[0]})

Thus, all three components of the first (19.41), with plus, are given by:
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Sln[%]
. . T 0 -1 e 2 Cos[2]
((Feosts) Hsins] ) (3 )| o 0]
i o] e 1 o e 2 Cos[f] .
{(ez Cos[3] e='s [2])'(0 G e sin[2] g

FullSimplify[%];
MatrixForm[%]
(Cos[p] Sin[e])
(Sin[6] Sin[¢] )
(Cos[o])

In a similar fashion, for the spinor (19.39) and its Hermitian conjugate.
{{-sin[e /2] »Exp[- (Ix¢) /2]}, {Cos[e /2] xExp[ (I«¢) /2]}} // MatrixForm

e 7 sin[2] ]

= o
ez Cos[ﬂ

Transpose[%] ;
% /. d->-¢ // MatrixForm

“evsin[2] e cos[2] |
All three components of the second (19.41), with minus, are:

_e'TSin[;] ]},
]

ei%Cos[%

{{( - sin[2] ¥ cos[2])($ ;)[

it . re e T 0 -1 -e 2 Sin[%]
(s <ot 13 ) 5200,

it . re e T 1 o ce T Sin[%] .
(s et )-(2 S| 52

FullSimplify[%];
MatrixForm[%]
(-Cos[¢] Sin[o] )
(-Sin[6] Sin[¢] )
(-Cos[o])

Thus both equations (19.41) are verified.
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6.6 Relativistic Helicity States

= Helicity States
Checking action of the helicity operator (19.34) on all four bi-spinors in (19.104-105) and (19.131-132),

En) V="
i¢ i¢
e 2 C os[ ] e 2 Sln[ ] e 2 r]Sln[ ] e 2 nCos[ ]
Cos[6] e it¢Sin[e] [2] 2] io
ei?sin[e] -Cos[e] ) ) e+ sin[3] e c°5[ 2] e '7c°5[ 2] e ’751"[ 1.
g g 'cd’oss"[:[]e] <e_n:.;)ssi[neJ[]S] e ncos[2] et nsin[2] e’ sin[2] e cos[Y]
e'?Si - ) ) N .
et nsin[2] eincos[S] e:cos[2] e sin[2]
FullSimplify[%] // MatrixForm
e 7 Cos[2] e >sin[2] e nsin[2] e 7 ncos|2]
ersin[2]  ercos[2] erncos[Z] e? nsin[2]
e i ncos[2] e 7 nsin[2] e rsin[¢] e cos[?]
er nsin[2] -e? nCos[2] -e:cCos[2]  e2 sin[2]

This implies that for the fist two bi-spinors, given by (19.104)-(19.105), the helicity signes are + and -.
But for the last ones, given by (19.131)-(19.132), the helicity signes are - and +. Why? [Hint: Compare
two solutions, say, in (19.159), and/or in (19.62) and (19.115), for E>0 and E<0, respectively.]

= Hamiltonian and bi-spinors in matrix form

Hamiltonian H / (mc?) in (19.94) in parametrization (19.102):

56 s
1 ") _ZnCos[Ze] _Ze nStn[e]
-1+n -1+n
0 1 _ 2e“r1;sizn[91 znios [Ze]
=1+ =1+ .
. . K 7 // MatrixForm
_2ncCos[e] _2e*?psinfe] -1 0
-1+n? -1+n?
_2e**nsinfe] 2ncCos[e] 0 -1
—:l+r]z —1+r7Z
1 o _ 2nCos[o] _2e'?nsinfe]
-1+n? -14n?
P 1 _2e'?nsinfo] 2nCos[o]
-1+n? ~1+n?
_ 2nCos[e] _2e*?nsinfe] -1 9
71+r72 71+r72
_2e'’psinfo] 2nCos[o] ) -1
~1+n? ~1+n?

Checking the first two bi-spinors in (19.104-105) by matrix multiplication:

io io
1 0 _2nCosie] _Ze’“’nsin[s] e 2 COS[E] e 2 Sin[i]
~1+n? ~14n2 " 2 " 2
16 pSi EL ie
0 1 _Ze nsSin[e] 2ncCos[e] e: Sln[g] —e2 COS[E]
~14n? ~14m? 2 .
27 Cos[6] 2ei%psin[e] ° _is o ’
12 T1em? 1 e e 2 Cos[ ] -e : n Sin [2—]
_Ze“nsin[s] 2ncCos[e] ° 1 ig °
B L e:n Sln[ ] e:n COS[Z—]



Hamiltonian:
1 0 27Cos Ee] Ze'”nSJ;.n[e]
-1+ -1+
0 1 Ze’wnsizn[s] _anosEe]
-1+ -1+
2nCos[e] 2e*?nsin[e] 1
-14n? -14+n? °
2et?psin[e] _2ncCosfe] 0 -1
—1+r]2 —1+r]2

FullSimplify[%] // MatrixForm

e % (1417) Cos“—w

7@ ? (1+r72> Sin“—w

—1+n2

—1+n2
io X i
ez (1+7?) Sin[;] ez (1+7?) Cos“—ﬂ
~14+n? ~14n?
eijn (1+n?) Cos{ﬂ eijn (1+0?) Sin{q
~14n? ~14n?
i B i
ez (n+1?) Sin[ﬂ ez (n+n?) Cos[ﬂ
~14n? B ~1+n?

TensorProduct[{(1-7n?)/(1+n?)},

FullSimplify[%] // MatrixForm

e Cos[¢] e 7sin[?]

ez sin[2]  -e Cos[?]
e s ncos[2] -e 7 nsin[g]
e? nsin[2] e? ncos[?]

{%}]5
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Compare with (19.104-105) - that is correct for the positive energy eigenvalues E=R>0.

FullSimplify[%] // MatrixForm

ei? n (1+n?) Sin[;] ei? n (1+n%) Cos[e—w

~1+n? ~14n?
ef (77+r73) Cos[q ej <r7+773) Sinﬁ—w
-1+n? ~14n?
e’ii(1+n2)5in{§w e’ﬁg(l+nz)cos[§w
-14n? ~14n?
io io
e2 (141 Cos[j—] e (14n?) Sin[e—}
~1+n? ~1+n?

TensorProduct[{(1-7n?)/(1+n?)}, {%}];

FullSimplify[%] // MatrixForm

ez nsin[2] —e 1 ncos[?]
e:ncos[2] -e? nsin[?]
e 7 sin[2] e cos[2]
~e: Cos[2]  -e7sin[?]

e'¥r]Sin[§] e'¥r]Cos[%]
—eT nCos[2] e nsin[]

—e"7 sin[2] e 7 Cos[?]

eﬂz_‘pCos[f]

e sin[2]

Checking the last two bi-spinors in (19.131-132) by matrix multiplication, with p -» -p or n -» -n, in the

| 11
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Compare with (19.131-132). The eigenvalue problem is verified for the negative energy eigenvalues
E=-R<0.

Let us combine both cases together, for the future consideration, and use only one Hamiltonian below.
Then, checking all four bi-spinors in (19.104-105) and (19.131-132), with p > -p or n - -n, by matrix
multiplication, namely, Hv = R ¥, one gets:

1 o _2ncCosie]  _2e’i¢nsinfo] e Cos[Z] e sin[2] e_%nsin[ii] e'%nCOs[;’—]
-1+n? -1n? . ;
0 1 Sisinsiiel zncel) v sin[2] et cos[2] -e: ncos[2] et nsin[2]
i i : i i i i 4
_znj:;Ee] -2 f:j;n[el -1 ) e_% r]COS[:—] —e_Tv nSin[z—] e_z_o Sin[:—] —e_% Cos[%]
_2e*¢nsin[e] 21 Cos[6] o 1 i . is R io o i .
~1+n? ~1+n2 e:2 nSin [2—] ez n Cos[z—] -e:2 Cos[z—] -e:2 Sin[z—]

FullSimplify[%] // MatrixForm

ceilli (1+r72> Cos[e—w eeilzi (1+r72> Sin[ﬂ eilf n <1+r72) Sin{:’—w ei? n (1+r72> COSV—W
B ~1+n? B -1+n? -1+n? ~1+n?
ie ie X io X io
ez (1+n?) Sin{g ez (1+n?) Cos[;} e . (n+n?) Cos{;} ez (n+n’) Sin{g
- ~1+n? ~1+n? - -1+n? ~1+n?
i i i i
e 20 n (1+n?) Cos{g e 2’ n (1+n%) Sin[ﬂ e 2 (1+n?) Sin{g e 2 (1+1?) Cos[e—w
- —1+r72 —l+r72 —1+r7Z - —1+r72
ig io ig¢ ig
ez (n+n?) Sin[i—w ez (n+n?) Cos[j— ez (1+n?) Cos[;w ez (1+n?) Sin{g
B —1+r72 B —1+r72 - —1+772 - —1+r72

This is our matrix R v / (mc2); see (19.97).
Det [%];
FullSimplify[%]
(1+72)°
(-1+n?)*
Recall the matrix V once again:

e T Cos[2] e sin[2] e rnsin[2] e 7 ncos[2]

eTsin[2]  -eT Cos[%] -eT ncCos[?] e? nsin[?]
e T ncos[2] -e T nsin[2] e Tsin[2] -e 7 Cos[2]
eTnsin[¢] eTncos[2] -eT Cos[?] -e? sin[?]
Det[%];

FullSimplify[%]

(1+n?)?

Thus, all four bi-spinors in (19.104-105), the first two columns, and in (19.131-132), withp » -p orn -
-n in the last two ones, are linearly independent.

Practice: multiplication of matrix R / (mc?) » ¥ by the reciprocal of the energy constant:



TensorProduct [{ (1-n*)/ (2+n")},
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e ) e .o e .o .
e 2 (1+n’) Cos[;] e 2 (1m2) Sin[;] e 2 n(1+n2) Sin[;] e 2 n(hnz)cos[;]
- -1+n? - -1+n? -1+n? -1+n?
is . is . ie 5 is .
e 2 (1*#) sin[ 7] e2 (1m’) cos[ 7] e2 (,,”,3) cos[*] e2 (mn’) sin[ 7]
{ " ~14n? ) " ~14n? ) " ~14n? ) " -14n? ) }])
e 2 n(lmz) Cos[;] e 2 n(lmz) Sin[;] e 2 (lnﬁ) Sin[;] e 2 (1”;1) cvs[;]
~14n? -1+n? -1+n? -14n?
ie . ie . 1o . ie .
e2 (nm’) sin[;] e2 (nuﬁ) Cos[;] ez (1+772) cos[;] e:2 (1+n2) sin[;]
- -14n? -14n? - -14n? - -14n?
(* Matrix 9: ) FullSimplify[%] // MatrixForm
io i¢ io i¢
e’TCos[g} e’TSin[g} —e 2 nSln[%} —e’TnCos[g}
ig ig i¢ io
eTSin[g} —eTCos[g] eTnCos[g] —eTnSin[g}
io io io io
e 2 nCos[%} —e’TnSin[ﬂ —e’TSin[f} e’TCos[f}
i¢ ig¢ i@ i¢
e nsin[2]  eTncos[2]  eicos[2] e sin[]

Here, the first two columns correspond to positive energy eigenvalues and the last two - to the negative

energy eigenvalues.
Checking all four bi-spinors in (19.104-105) and (19.131-132), with p > -p or n - -n, by matrix multiplica

tion, in the second relation (19.97), HV = RV :

i i io io
1 ° _2nCesle] _2et®psinge] e 2 Cos[i] e 2 Sin[e—] —e 2 nSin[i] —e 2 nCos[z]
“14n? “1en? o 2 " 2 ‘o 2 ‘o 2
264 nsinfe 21 Cos (6 = == = =
] 1 _Z2effnsiniel - ZnCosiel e: Sln[i] —e2 Cos[i] e: nCos[i] —e2 nSln[i]
-14n? -14n? 2 2 2 2 .
2nCos[e] 2ei¢ psine] _ie _is _ig _ie >
T - 1 -1 e e 2 nCos [ i] -e 2 nSin [ i] -e 2 Sin [ i] e 2 Cos [ i]
2 2 2 2
_2e*?nsinfe] 217 Cos[6] ° 1 ie o is o is o is o
~14n? ~14n? ez n Sin[—] ez n COS[—] ez Cos[—] ez Sin[—]
2 2 2 2

FullSimplify[%] // MatrixForm

This is the matrix Rv / (mc?) ; see (19.97).
Practice: multiplication of matrix R / (mc2) « v by the reciprocal of the energy constant:

ei% (14n2) Cos{g ei‘f (14n2) Sin{?w e’Izi n (1+n?) Sinm—w ei“zi n (14n?) Cos{ﬁ
-14n? ~1+n? ~1+n? ~1+n?
e% (14n2) Sin{f—w e% (1412) Cos[i] e? (n+n?) Cos{f—w eﬂ (n+n?) sin 2
~1+n? ~1+n? -1+n? -1+n?
ei‘; n <1+n2) COS{%] eillm (1+772) Sinrﬂ ei]: <1+r72) Sin[%w ein: (1+U2) COS{%]
~1+n? -1+n? -14n? -14n?
elzi (n+n?) Sin“—w elzi (n+n?) Cosﬁ—w elzi (1412) Cos[?] enf (14n?) Sin{ﬂ
-1+n? -14n? -1+n? “14n?
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TensorProduct [{ (1-n72)/(1+n%)},

(* Matrix v: %) FullSimplify[%] // MatrixForm

i¢ i¢ i¢ i
) e 2 (1en?) cos[2] ) e 2 (1en?) sin[2] _ e 2 n (14m?) sin[2] ) e 2 n (1+n?) Cos[2]
~1+n? -1+n? -1+n? -14n?
i i i i
_ e2 (1+n?) Sin[z—] e2 (1+n?) Cos[z—] e2 (n+n?) Cos[f] _ e2 (nn?) Sin[f]
-1+n? -1+n? -14n? -1+n?
e e e e
e 2 n(1+n?) Cos[f] e 2 n(1+n?) Sin[f] _ e 2 (1+n?) Sin[f] e 2 (1en?) Cos[%]
-1+n? -1+n? -1+n? -1+n?
ie ie is ie
Cer )sin(] ex (ner)cos[]  er (o) cos[]  er (1en?) sin[?]
~1+n? -1+n? -1+n? -14n?

2nCos[6] 2et9nsin[e]

-1+n? -1+n?
2et?nsin[e] 2nCos[6]
-1+n? -1+n?
-1 0
0 -1

E

e cos[2] e sin[2] e nsin[2] e : ncos|2]
ersin[2]  -e7 Cos[¢] -e7nCos[2] e7 nsin[f]
e’%nCos ] —e v nsin[2] e 7sin[2] e 7 Cos[?]
e7nsin[2]  e7ncos[?] -er Cos[2] -e7 sin[]
Squared Hamiltonian is diagonal (19.95), (H/ (mc?) )2 =R2r1:
1 0 _2nCos[e] _Ze"""nsin[e] 1 °
-14n? -14m?
0 1 _2 etd nsin[e] 2nCos[6] ° 1
-14n? -14n?
_2nCos(e] _Ze"""nsin[e] _1 0 _2nCos(e] _Ze-”nsin[a]
~14m? ~14n? -1n? -14n?
_2et¢nsinfe] 27 Cos[e] ° -1 _2e*?nsin[e] 2nCos(e]
~14m? ~14n? -1n? -14n?
FullSimplify[%] // MatrixForm
L) ) ) )
(71+r72)2
) R 0
<71+r72)2
) 0 Lo’ 0
(-1+12)*
° ) ) _(1en2)?
(—1+772)Z
= Inverses
We also need v :
e T Cos[2] e sin[2] e 7 nsin[2] e 7 ncos[?]
ersin[2]  -e7 Cos[2] -eTncos[¢] e nsin[f]
Inverse[ m o m e e ie o
e nCos[;] -e 2 nSln[;] e 2 Sln[;] -e 2 Cos[;]

eT nsin[¢] e ncos[¢]

—ei%Cos[%]

—e7 sin[]



(*+ v1: %) FullSimplify[%] // MatrixForm

¢

crcos[?]  easin[l]  esncos[2] e nsin]?]
1+n? 14n? 1+n? 1+n?
cisin[2] e icos[2]  exnsin[2] e s ncos|?]
14n? - 1412 - 1+n? 1412
crnsin[2]  eancos[d] o ersin[2] e cos[d]
14n? - 14n? 1+n? B 1+n?
crncos[2] e rnsin[l]  ercos[2] e sin[d]
14n? 14n? B 1412 - 1+n?

Checkingvov-t=r1:

ch19mathematicaCopy.nb
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o deo fe o ae
e?2 Cos[z] e 2 Sm[z] e?2 UCOS[Z] e 2 nSln[z]
ig ig¢ ig¢ ig
-= e - cinle -== S8 -= o 1en? Ter? 1en? 1en?
e : Cos[z] e 2 Sln[z] e 2 T]Sln[z] e 2 nCos[z] e T e e
ie id is i e:2 Sin[s—] e 2 Cos[’;] e:2 nsin[i] e 2 nCos[s—]
. e e e s e 2 2 2 2
e: S1n[;] -e: Cos[z—] -e: nCos[z—] e: nSln[;] rye rve e 1o
io ° ig o id o id o ig i ig ig
- - . - : - T i@ - o T esn T8 - £}
e 2 T]COS[;] -e 2 nSln[Z—] e 2 Sln[z—] -e 2 COS[Z—] e:2 nSm[;] _e 2 nCos[;] e:2 Sln[;] _e 2 Cos[;]
is is is is 1+n? 1en? 1en? 142
ez nSin[i] e: r]Cos[e—] -e: Cos[e—] -e: Sin[g] i R _ie Y i R _io R
2 2 2 2 ez WCOS[;] e 2 nsin[;] ez COS[;] e 2 sin[;]
1+n2 1+n? - 1+n? - 1+n?

FullSimplify[%] // MatrixForm

10 0 0
0 10 o
0 010
0 0 01

And finding ¥7* :

e T cos[?] e Tsin[2] -eTnsin[2] -e7 nCos[2]

ersin[2]  -erCos[?] eTnCos[2] -eT nsin[f]

E

Inverse [

e Tncos[?] -ernsin[2] -eTsin[¢] e Cos[2]
er Cos[2]  e7 sin[?]

e¥nsin[§] eiz_"nCos[f]

(* ¥t %) FullSimplify[%] // MatrixForm

i i

ercos|f] e rsin[f]  erncos[2] e s psin|f]
1+n? 1+n? 1412 1412

e ; Sin{j—} ~ e ; COS{;} B e];‘ n Sin{%} ein: n Cos[g]
1en? 1en? 1+n? 142

ernsin[2] e incos[?]  ersin[] e :cos[?
N 1+n? 1+n? N 1+n? 14n?

cincos[2] e :nsin[Z] ercos[4] e :sin|g
- 1+n? - 1+n? 1+n? 1+n?

Checking ¥ - ¥ =1
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ig

e 2 Cos [ ;]

o sin[2]
‘o 2

e 2 nCos[;] —e 2 nSin[;]

ie ie
e:? nsin[;] e:2 r,Cos[(:—]

i¢ i¢ i¢
e 2 Sin [ :—] —e 2 nsin [;] —e 2 nCos [:—]
~e+ cos[2]

i

e is

e:2 nCos[;] -e 2 nSin[%]
e Tsinf2] e cos[]
et eos[2] e sin[f]

=2 nsin[?]

s 2 nos(?] 2 sin[2]

o 2 cos[?)

ie _ie ie _ie

e 2 Cos[~] e 2 Sin[:—] e?2 ﬂCos[%] e 2 qSin[%]
1+n? 1+n? 1402 1+n?

i ie i¢ ié

- 3 - ° - 3 -— 3

2 sin[~ 2 Cos[~ 2 psin[— 2 ncos[~

ersifl] e zcs[f] ez asinlZ] e 2 ncas[]]
14n? 1402 1402 1en? .
is i i¢ i¢ ’

1+n?

i¢

— 3
2 pcos[
2 neos[?]

1en? 2
ig

o 2 nsin[2]

14n
ig¢

o2 cs[?]

14n
i¢

2

o 2 sin[?)

2

1+n' 140’ 1+n 1+n'
Fullsimplify[%] // MatrixForm
1 0 0 0
010 0
0 01 0
0 0 01
m Decompositions of the Hamiltonian
ies i ~ _ ~_1
Decompositions (19.99): RV - vt = RV.-9V " = H
g -1
V.V
is Jie i¢ e
‘o ‘o o o e?2 cos[%] e 2 sin[%] e2 ncos[%] e 2 nSm[%]
o ° -2 sinl®] e 2 nsinl®] e 2 3 Tn? T T 1o
e 2 Cos[z] e 2 Sln[Z] e 2 nSln[z] e 2 nCos[z] i n _EW i n ™ m
ig ig ig ig e2 Sin[i] e 2 Cos[i] e2 nSin[i] e 2 ncas[i]
e2 Sin[;] —e2 Cos[;] e2 r]Cos[;] —e2 r;Sin[;] - 2 — 2t — 2 — 2
’? Cos[2 7? sin[2 7%Sin 2 7?Cos 2 % in[2 —¥ 2 ? in[2 -% e '
e 21 [;] e 21 [;] -e [;] e [;] crasinlf] e e T snl) @3 sl
i¢ ie i¢ ie¢ 14n? 14n? 1en? Len?
e:2 r]Sin[i] e:2 nCos[e—] e:2 Cos[e—] ez Sin[i] i _ie ié e
2 2 2 2 e2 ncos[f] e 2 nsin[f] e2 Cos[:—] e 2 sm[:—]
1402 1402 1402 - 1402
FullSimplify[%] // MatrixForm
2 2nCos[o] 2e'?nsinfe]
-1+ 2 0 2 2
1+n 1+n 1+n
2 2e'?psinfe 2nCos|e
) ~1+ - e’ ’n . [e] _2n 2[ 1
1+n 1+n 1+n
2nCos[e] 2e'?psinfe] 1_ -2 9
1+n? 1+n? 1+n?
2e*’nsSinfe]l  2ncCoso] ) 1. -2
1+n? 1+n? 14n?
~-1
YV.-v
ie _ie¢ is _ie
e2 cos[?] e 2 sin[?] ez ncos[%] e 2 nsin[?]
i¢ ig i¢ ig¢
- 2 - cinl @ - 8 S 8 14n? 1+n? 1+n? 1402
e 2 Cos[z] e 2 S1n[2] e 2 r]Sln[Z] e 2 nCos[ ] io . a8 . io ™ .
is i¢ is is e2 sin[~] e 2 Cos[~] e2 nsin[~] e 2 ncos[~]
. [e ) )
@2 S1n[2—] -e2 Cos[;] -e 2 nCOS[;] @2 nSln[;] py 2 - Py 2 - py Py 2
is _is _ie ke i i i s
e : nCos[j—] -e 2 nSin[j—] e 2 Sin[:—] -e 2 cos[;] ez nsin[?] e 2 ncos[?] e sin[2] e 2 cos[?]
i ie i i 1402 14n? 1402 1+n?
ez nSin[i] ez nCos[i] -e 2 Cos[i] -e2 Sin[—] is 1) is e
2 2 2 e2 ncos[%] e 2 nsin[;i] e2 Cus[%] e 2 sin[:i]
- 1+n? - 1402 1402 1402
FullSimplify[%] // MatrixForm
2 2nCoso] 2e*?nsSinfe]
-1+ 0
1+n? 1+n? 1+n?
i¢ 3
) 1+ 2 2e'?nSin[o] _2r7COS[6l
1+n? 1+n? 1+n?
2nCosfo] 2e*?nSinfe] 1. -2 9
1+n? 1+n? 1+n?
2e'?nSin[o] _ 2ncCosfo] ) 2
1+n? 1+n? 1+r72
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Here, both matrix products are the same:

Simplify[% - %%] // MatrixForm
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

Simplify[TensorProduct [{ (1+n*) /(1-7n%)},

16 s
1+ . ") ZnCosz[e] 2e nszln[e]
1+n 1+n 1+n
idsi
") 1+ 12 . 2e 1r1 S::n[e] _ anosz[e]
+ + + .
{ ) i K m " }] ] // MatrixForm
2nCos[e] 2e*%pnsinfe] 1_ -2 0
1+n? 1+n? 14n?
2et?nsinfe] _2ncos[e] 0 _ 2
1+n? 1+n? 1+n?
Sig .
1 ) _2ncCosfo] _2e nSin[o]
-1+n? -1+n?
) 1 _2e'?nsinfo] 27 Cos (o]
~14n? -1+n?
2nCos[8] 2e % nsSin[o]
- 1472 - 2 -1 e

-1+n -1+n
_2e'’nsinfo] 2nCos[o] ) 1

~1+n? -1+n?

This is Dirac’s Hamiltonian in the units (19.102).

Indeed, recall that the Hamiltonian H / (mc?) in (19.94) in parametrization (19.102) has the identical form:

6 s
1 0 _chos[ze] _2e nstn[e]
-1+n -1+ny
i .
0 1 _2e 2512n[e] znios[ze]
-1+ =1+ .
~ X K m // MatrixForm
_2ncCos[e] _2e*?psinfe] -1 0
-2|.+r]2 -1+r]2
_2e*?psinfe] 2nCos[6] 0 -1
-:I.+n2 -1¢n2
ie o cs
1 0 _ 2nCos[O] _ 2e nSin[o]
-1+n? -1+n?
i¢ i
) 1 ~2e'?nsSin[o] 2nCos (O]
~1+n? ~1+n?
_ 2nCos[e] _2e'?nsinfe] -1 )
~1+n? ~1+n?
_2e'?nsinfe] 2nCos[6] 9 -1
-1+n? ~1+n?
i et
1 0 _2n_i<:s[ze] _2e _:Stn[e]
n +1
2et?psinfe] 2nCos[e]
N N ° 1 - -1+7]2 -1+r]Z N
Slmpllfy[%— 4 . ] // MatrixForm
_2ncCosfe] _2e*?psinfe] -1 0
-1+r]2 -1+r]2
_2e**npsinfe] 2nCos[6] 0 -1
-1+n2 -1+n2
© 0 0 0
© 0 0 0
© 0 0 0
0 0 0 0

Convenient formof v - 1 :
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e T Cos[2] e rsin[2] -e7 nsin[2] -e 7 ncos[¢]
ersin[2]  -eTCos[¢] eTncos[?] -eT nsin[?]
e TnCos[2] -e T nsin[2] -e T sin[¢] e T Cos[¢]

eTnsin[¢] eTncos[2] e cCos[Z] e+ sin[?]

e* Cos[2] e Tsin[?] ernCos[?] e *nsin[?]

ersin[2] -e7 Cos[2] -eT nsin[2] e F nCos[?]
e7 nsin[?] -e 7 nCos[¢] e sin[2] -e 7 Cos[?]
e7nCos[?] e T nsin[2] -e7 Cos[2] -e 7 sin[2]

FullSimplify[%] // MatrixForm

1-n? 0 21nCos[6] 2ei?nsSin[o]
0 1-n? 2ei®nsin[e] -2nCos[O]
2nCos[O] 2et?nsin[o] -1+n? 0
2ei?nsin[e] -2ncCos[O] 0 -1+n?

Convenient formof« - ¥ 1

e T Cos[2] e sin[2] e rnsin[?] e nCos[?]

e7sin[2]  -e* Cos[2] -e? nCos[?] e7 nsin[?]

e T nCos[2] -e T nsin[2] e T sin[¢] -e"7 Cos[2]

e nsin[2] eTncos[¢] -e7Cos[] -e% sin[Z]
eT Cos[¢] e rsin[¢] eTnCos[2] e rnsin[?]
eTsin[¢]  -er Cos[2] -eT nsin[2] e F nCos[?]
_ensin[¢] eFncos[2] -eFsin[2] e Fcos[¢] |

—eTnCos[2] -e T nsin[2] eTcos[¢] e T sin[¢]

FullSimplify[%] // MatrixForm

1-n? 0 2nCos[6] 2et?nsin[o]
0 1-n? 2el?nsin[e] -2ncCos[o]
2nCos[o] 2et?psSin(o] -1+n? 0
2et?nsSin[e] -2nCos[o] ] -1+n?

Simplify[% - %%] // MatrixForm
0 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

19.7. Polarization Density Matrices
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Here we verify the projection operators, describing the polarization of spin one-half particles, introduced
by Mitchel and Wightman (Figure 19.3, Ref. [36]), by direct matrix multiplications.

Case E>0 and A=1/2. Identities (19.126)-(19.130):

Let us construct the tensor product in the I.h.s. of (19.124). This is our bi-spinor (19.104):

{cos[e/2] +Exp[- (I*¢) /2], Sin[6/2] xExp[ (Ix¢) /2],
n*Cos[6/2] Exp[- (Ix¢) /2], n+Sin[6/2] Exp[ (I*¢) /2]} // MatrixForm

e 2 Cos[2]

e sin[?]
1¢

ez nCos|

io

2]
e+ nsin[?]

This is its complex conjugate:

% /.d->-¢ //MatrixForm

e Cos[2]

This is the Dirac conjugate:
{{1, 0, 0, 0}, {0, 1, 0, 0}, {0, O, -1, @}, {0, 8, @, -1}}.{Cos[6/2] xExp[ (Ix¢) /2],
Sin[6/2] xExp[-(Ix¢) /2], nxCos[6/2] xExp[(I*d) /2], n*xSin[6/2] xExp[- (I*¢) /2]}

{G%Cos[g}’ e’%sin[?}, _E%UCOS{§], —@7%775“{%”

% // MatrixForm

i¢

e?Cos[g}
e 7 sin[¢]
—e%r]COS[Q}

2
e 2 nsin[2]

This is their tensor product (19.130):
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Tensor‘Product[{Cos[e/Z] *Exp[-(Ix¢) /2], Sin[6/2] *xExp[(I*x¢9) /2],
n%xCos[6/2] xExp[-(Ixd) /2], n*xSin[6/2] xExp[ (I *x¢) /2]},

{s¥ cos[2], e sin[ 2], -ne¥ cos[ 7], -ne ¥ sin[ >]}] // matrixForn

Cos[%]2 e‘WCos[g Sin[?} —nCos[?}z —ze‘wnCosE] Sln[%]
eWCos[f} Sln[f} Sin{%]z ewr]Cos{%] Sln[%] —USln[%]
UCos[f}z e’“%Cos[%] Sm[%] —UZCOS[%]Z —e’jd’nZCos[§] Sin[?]
eWUCos[?] Sm[?] nSin[f]z eﬁ‘z’nZCos[f} Sln[f} —nZSin[f}
) e, 1
% /. Cos[—] Sin[—] -» —*Sin[©] // MatrixForm
2 2 2
Cos[%}z %e’WSin[e] —nCos[%]z —%e’“’nSin[e}
>et?sin(e] sin[2]? -Lel?nsin(e] -nsin[2]?
WCos[%}z %e’i"’nSin[e] —UZCOS[EE)]Z —% et?n?sin[o]
%ew’nsin[e} r]Sin[f}z -1 el?n?sinjo] -n Sln[;]z

This is the matrix in (19.130).
This is the matrix in (19.126):

{{1, @, -nxCos[e], -n*Sin[6] *Exp[-Ix¢]},
{0, 1, -n+sin[e] xExp[I«¢], nxCos[e]}, {n«Cos[e], nxSin[e] xExp[-Ix¢], -n~2, e},
{n*sin[e]*Exp[I*¢], -nxCos[6], O, -n"Z}} // MatrixForm

1 ] -nCos [6] —e t?nsin(o)]
0 1 -el?nsin(o] n Cos[6]
ncCos[o] e '?nsin[o] -n? 0
e!®nsin[e] -nCos[O] 0 -n?

This is the matrix in our equation just before (19.130):

{{(Cos[e/2])~2-n"2+(Sin[6/2]) "2, (1/2) % (1+n~2) *Sin[6] xExp[-Ix¢], -n, O},
{(1/2) » (1 +n"2) #Sin[6] xExp[I*¢], (Sin[6/2])~2-n"2x (Cos[6/2])"2, O, -n},
{n, @, (sin[e/2])"2-n"2x (Cos[6/2]) "2, -(1/2) » (1 +n"2) xSin[6] xExp[-I*]},
{e, n, -(1/2) » (1+n"2) «Sin[6] xExp[Ix¢], (Cos[©/2])"2-n"2x (Sin[e/2])~2}} // MatrixForm

Cos[?]z—WZSin[g}z ie’“’(1+772) sin[e] -n 0

>el? (1+n?) sin[e] -n?Cos[S]*+sin[Z]? ) -n
n ] -n? Cos[ } +Sln[§} —% e’ (1+n?) sin[o]
0 n —%e“’(1+nz> in[e] Cos[%}z—nzsin[%]z

This is multiplication of the last two matrices

{{1, 0, -nxCos[e], -nxSin[e] xExp[-Ix¢]1}, {0, 1, -n*Sin[e] xExp[Ix¢], n*Cos[e]},
{n«cos[e], nxSin[e] xExp[-Ix¢], -n~2, @}, {n*Sin[e]«Exp[I«¢], -n«Cos[e], @, -n~2}}.
{{(Cos[e/2])~2-n"2+(Sin[6/2])~2, (1/2) % (1+n~2)*Sin[6] xExp[-Ix¢], -n, O},

{(172) » (1 +n"2) +Sin[6] +Exp[I*¢], (Sin[6/2])~2-n"2x(Cos[6/2])"2, O, -n},
{n, @, (Sin[©/2])"2-n"2x (Cos[6/2]) "2, -(1/2) * (L +n"2) xSin[6] Exp[-Ix¢]},
{e, n, -(1/2) » (1+n"2) «Sin[e] xExp[I*¢], (Cos[6/2])"2-n"2x (Sin[e/2])"2}};



FullSimplify[%] // MatrixForm

7;7 (-1+1n?) (1+cos[e]) —i—e’“’ (-1 +n?) sinfe] ;7;7 (-1+n?) (1+Cos[e])
-i—eiw (-1+n?) sin[e] %(-1+ n?) (-1 + Cos[o]) i—ewn (-1 +n?) sine]
%n (-1+n?) (1+Cos[o]) —%e’“’n (-1 +n?) sin(e] %nz (-1+n?) (1+Cos[o])

%ewn (-1 +n?) sin(e] %n (-1+1n?) (-1 +cCos[o])

Now we compare this result with (19.130):

-%(-1”,2) (1+Cos[e]) -i-e-id’ (-1 +n?) sin[e] 1"7 (-1+n?) (1+Cos[o])
—i—e"‘"’ (-1 +n?) sin[e] 5(-1”;2) (-1 + Cos[6]) i—e“‘n (-1 +n?) sin[e]
-3n(-1+n?) (1+Cos[e]) -Te¥n(-1+n?)sin[e] Zn®(-1+n?) (L+Cos[e]) ;e

—%e“’n (-1 +n?) sin[e] 2"’ (-1+n?) (-1+Cos[6])

Cos[%]2 %e‘“’ sin[e] -n Cos[i—]2 —i—e'“rlSin[e]
) 2—@’”’ sin[e] Sin[%]z —i—e"‘"r/Sin[e] -n Sin[;)—]2
1-n%)=*
( ) rlCos[j—]2 i—e'“’nsin[e] -n? Cos[i—]z —%e‘“’nz sin[e]
%e“’nsin[e] r]Sin[i—]2 —%e“’ n?sin[e] -n? Sin[%]z

FullSimplify[%] // MatrixForm
0 0 0

0
(4]
0
0

[OIGI)
[N
[OSINI)

Thus the first matrix identity (19.124) is verified.

Case E>0 and A=-1/2. The second identity (19.124):

%em n? (—1 +n?) sin[e]

%e“’ n? (-1 +n?) sin[e]

ch19mathematicaCopy.nb

%e’”’ n (-1 +n?) sin[e]

1
2

1

n(-1+n?) Sin[j—]2

Zeton? (-1+n?)sin(e]

n? (—1 + r]z) Sin[%}z

;e‘“’ n (—1 + )72) sin[e]

n (—1 + nz) Sin[:—]2
“iopn? (—1 + r]z) Sin[e]

n? (—1 + r]z) Sin[i—]2

This is the second tensor product in (19.124), for the bi-spinor (19.105):

TensorProduct[{Sin[e/Z] *EXp[-(I*x¢) /2], -Cos[6/2] *xExp[(I*x¢) /2],

-n*Sin[6/2] *Exp[- (Ix¢) /2], nxCos[6/2] Exp[(I+¢) /2]1},

{eilsin[%], —e'¥Cos[§], r]e¥sin[§], -ne'¥Cos[g]}] // MatrixForm

Sin[f]2 —e’j‘i’Cos[f}Sin[f} nSin[f}z 7e*i¢nCos[§]Sin[f]
—ejd’Cos[%}Sin[%} Cos[f]z —eﬂ‘z’nCos[g} Sin[f] nCos[f]

—nSin[f}z e‘“"nCOSE]SinE] —nzsin[?}z e‘WnZCos[ﬂSin[%}
eianCos[%]Sin[%] —nCos[g]z cewnzCos[%]Sin[%} —r]ZCos[g}z

6 e 1
% /. Cos[;] Sin[;] - ;*Sin[e] // MatrixForm

sm[?]z -Let?sin(e] nsm[f}z -Letonsin(e]
—ieﬂ‘z’sin[e} Cos[?}z —iewnsin[e] nCos[%}z
-n Sin[%]2 %e’”’nSin[e} -n? Sin[?}z %e’”’nz sin[e]

2

1.i¢ ; _ 012 110 ,2c _ 2 e
, © nSin[o6] r]Cos[z] e'?nsSin[o] n Cos[z}

2

| 21
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This is the second polarization density matrix in the I.h.s. of (19.124).
The matrix in (19.126):
{{1, @, -nxCos[e], -n*Sin[6] *Exp[-Ix¢]},

{e, 1, -n+sin[e] +Exp[I«¢], nxCos[e]}, {n«Cos[e], nxSin[e] xExp[-Ix¢], -n~2, e},
{n+sin[e] xExp[Ix¢], -nxCos[e], @, -n~2}} // MatrixForm

1 ] -nCos [6] —e"?nsin(o)]
0 1 -et?nsin(o] n Cos[6]
nCos(6] e *®nsin(o] -n? 0
et®nsin[e] -nCos[O] 0 -n?

should be multiplied by the matrix in the next equation to (19.134):

{{(sin[e/2])~2-n"2+% (Cos[6/2]) "2, -(1/2) » (1+n"2) «Sin[6] xExp[-Ix4], n, O},
{-(172) % (1 +n"2) xSin[6] *Exp[I*¢], (Cos[e6/2])"2-n"2«(Sin[6/2]1)"2, @, n},
{-n, @, (Cos[6/2])~2-n"2x(Sin[6/2])"2, (1/2) * (1+n"2) xSin[6] +Exp[-Ix¢]},
{e, -n, (1/2) % (1+n~2)«Sin[e] xExp[Ix¢], (Sin[6/2])"2-n"2x (Cos[e/2])"2}} // MatrixForm

—n2Cos[§}2+Sin[§]2 ~2e 9 (1+n?) Sin(e] n 0
-Lei? (1+7?) sin[o] cOs[f}z—nZSin[f}z 0 n
-n 0 Cos[%]z—nzsin[f]z Leio (1402 sin(e]

) -n ie“‘(lwﬁ) Sin[o] —nZCos[§}2+Sin[§}2
Indeed

{{1, @, -nxCos[6], -n*Sin[6] +Exp[-Ix¢]1}, {0, 1, -nxSin[e] xExp[Ix¢], nxCos[e]},
{nxCos[e], n*Sin[e] xExp[-Ix¢], -n"2, @}, {n*Sin[6] xExp[Ix¢], -nxCos[e], @, -n~2}}.
{{(sin[e/2])"2-n"2% (Cos[6/2]) "2, -(1/2) » (1+n"2) «Sin[6] xExp[-I%4], n, O},

{-(172) % (1+n"2) xSin[6] *Exp[I*¢], (Cos[6/2])"2-n"2(Sin[6/2])"2, @, n},

{-n, @, (Cos[6/2])~2-n"2x(Sin[6/2])"2, (1/2) * (1+n"2) xSin[6] +Exp[-Ix¢]},

{e, -n, (1/2) % (1+n"2)«Sin[6] xExp[Ix¢], (Sin[©/2])"2-n" 2% (Cos[e/2])"2}};
FullSimplify[%] // MatrixForm

% (-1+n?) (-1+cCos[6]) %e’“’ (-1 +n?) sin(e] %n (-1+n?) (-1+Cos[6]) %e*f‘v’n (-1 +n?) sin[e]
%ela(—1+nz)5in[9] %(71%2) (1+Cos[O]) §el®n<—1+n2)Sin[9] —i—n(—1+n2) (1+Cos[O])
7 (-1+n2) Sin[j—]z —%e’”m (-1+n?) sin[e] 72 (-1 +n?) sm[%}z —%e’“’ 7% (-1 +n?) sin[e]
—i—eid’n(—1+n2)5in[6] ;U(—1+n2) (1+Cos[6]) —i—e”nz(—1+nz) sin[e] §n2(71+n2) (1+Cos[6])

Checking the matrix identity:
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;—(-1”;2) (-1+Cos[6]) %e-“ (-1+n?) sin[e] ;—n (-1+n?) (-1+Cos[e]) %e"”’r] (-1+n?) sin[e]

%e“’ (-1+7?) sin[6] -f (-1+n?) (1+Cos[6]) ;-e“’n (-1+n?) sin[e] —fn (-1+7?) (1+Cos[e])
n (-1+n?%) Sin[%]z —%e"""n (-1+71?) sinfe] n? (-1+n?) sin[:—]Z —%e'i" n? (-1+n?) sinfe]

—%e’”n (-1+7n?) sinfe] 2-77 (-1+7?) (1+Cos[e]) -z—e“’ n? (-1+1?) sinfe] 2-772 (-1+7?) (1+Cos[e])

Sin[%]2 —%e”""’sin[s] r]Sin[g]Z —;—e’“nsin[e]
(c1em) —%e”Sin[e] Cos[;]2 —;—e"“”nsin[e] r;Cc:s[:—]Z
-1+n%) % . .

—nSin[j—]z ;—e"“’nsin[e] —17ZSin[§]2 ;—e"“’nzsin[e]

1 i¢ i _ o2 1 eid 264 2 e]2
Ze nSin[e] nCos[Z] Ze n“sin[e] n Cos[z]

FullSimplify[%] // MatrixForm
© 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

Thus the second matrix identity (19.124) is verified by Mathematica.

Case E<0 and A=-1/2. Identities (19.125), (19.134-135):

This is the matrix in (19.134):

{{n~2, @, -nxCos[6], -n*Sin[6] +Exp[-I*¢]},
{0, n"2, -n«sSin[e] *Exp[Ix¢], nxCos[e]}, {n*Cos[e], nxSin[e] *Exp[-Ix¢], -1, @},
{n+sin[e] xExp[Ix¢], -nxCos[e], @, -1}} // MatrixForm

n? 0 -n Cos[0] —e 1 nsin[o]
0 n? —el?nsin[o] n Cos[6O]
ncos[e] e*®nsin[o] -1 ]
et?nsinje] -ncCos[o] 0 -1

This is the matrix in the next equation to (19.134):

{{(sin[©/2])*2-n"2% (Cos[6/2]) *2, -(1/2)* (1+n"2) xSin[6] xExp[-Ix¢], n, O},
{-(172) % (1 +n"2) xSin[6] *Exp[I*6], (Cos[6/2])"2-n"2«(Sin[e/2])"2, @, n},
{-n, @, (Cos[6/2])~2-n"2x (Sin[6/2]) "2, (1/2) * (1+n"2) xSin[6] +Exp[-Ix¢]},
{e, -n, (1/2) % (1+n~2)«Sin[e] xExp[I*¢], (Sin[6/2])~2-n"2x (Cos[e/2])~2}} // MatrixForm

—n2Cos[§}2+Sin[§]2 —%e’i‘b (1+n?) sin[e] n 0

_iew (1+n?) sin(e] Cos[?]z—WZSin[g}z ] n
-n 0 Cos[g]z-nzsm[%}z >e? (14n?) sin(o]
0 -n %e“’ (1+n?) sin[e] —nZCos[§}2+Sln[§]2

This is multiplication of the last two matrices:

{{n~2, @, -nxCos[e], -n*Sin[6] +Exp[-Ix¢]1}, {8, n"2, -n*Sin[6] xExp[Ix¢], n*Cos[e]},
{n+Cos[e], nxSin[e] xExp[-Ix¢], -1, @}, {n*Sin[6]+Exp[I+¢], -n«Cos[6], @, -1}}.
{{(sin[e/2])"2-n"2+% (Cos[6/2]) "2, -(1/2) » (1+n"2) «Sin[6] xExp[-I%4], 1, O},
{-(172) % (1+n"2) xSin[6] *Exp[I*4], (Cos[6/2])"2-n"2(Sin[6/2])"2, @, n},

{-n, @, (Cos[6/2])~2-n"2x(Sin[6/2])"2, (1/2) * (L+n"2) xSin[6] +Exp[-Ix¢]},
{0, -n, (1/2) % (1+n"2)«Sin[6] *Exp[Ix¢], (Sin[6/2])"2-n"2x (Cos[e/2])"2}};
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FullSimplify[%] // MatrixForm

1

%nz (-1+n?) (1+Coslo]) —%e’j‘m n? (-1+n?) sinfe] %n (-1+n?) (1+Cos[e]) ;e’wrz (-1+n?) sin[e]

—1—@”’ n? (-1 +n?) sin[e]
%n (-1+n?) (1+Cos(o])

—%e“‘@r] (—1 + nz) Sin[e]

Now we compare this result with (19.135):

-%nz (-1+n?) (1+Cos[o])
1 i 2 2 .

—z—e“"’n (—1+r7 ) Sin[e]

—:—n(—1+n2) (1 +Cos[e]) z
1 2\ s

—;e’“’n (—1+n ) Sin[e]
2 012 Le-idp2g§

n Cos[z] ;e n*Sin[e]

Leidn2sin[o] n?sin[2]?
(om)e |25 5
n Cos [;] %e‘i" nsin[e]

L eidpnsi in[2]?
set?nsin(e] T[Sln[z]

FullSimplify[%] // MatrixForm
0 0 0 0

[ GR]
[ORGR]
[N ]

]
%]
(]

1_772 (-1+71%) (-1 +Cos[e])
—%e’“’n (-1+n?) sin[e]

%n (-1+n?) (-1+Cos[8])

2"’2 (-1+n?) (-1 +Cos[6])
-z—e-“’ n (-1+n?) sin[e]

%n (-1+n?) (-1 +Cos[e])

6712
-n Cos[z—]
—%ei" nsin[e]
61712
—Cos[z—]

—%e’”’ sin[e]

i—e““p (—1 + r72> Sin[6]

1

% (-1+n?) (1+Cos[o])

%e“’ (—1 + nz) Sin[e]

Thus the matrix identity under consideration is verified.

Determinant (19.136):
e Cos[2] e sin[]
ersin[2]  -e7 Cos[¢] -e7 nCos[f]
e T nCos[2] -e T nsin[2] -e 7 sin[2]
ei%Cos[%]

eT nsin[¢] e ncos[¢]

e Cos[2] e :sin[2] e psin[2
ersin[2] e Cos[2] -e? ncos[?]
ez nCos[2] ez nsin[2] ez sin[2]
er nsin[2] erncos[2]  e7 Cos[?]
Det [%];
FullSimplify[%]
(-1+n?)?

This is (19.136).

Finally, let us construct the tensor product in the I.h.s. of (19.125). This is our bi-spinor (19.131):

e']izln Sin[%] e']izl r]COS[%]

eiT‘»nS:i.n[%]
e'ﬂ%Cos[g]

e sin[2]

] e ncos|?]

ig¢

e nsin[2]
e 7 Cos[2]
e sin[2]

-1+ n?) sin(o]

(
(-1+n?) (1+Cos[o])

;e’” n (—1 + nz) sin[e]

n(-1+n?) Sin[j—}z
%e’j" (—1 + r]z) Sin(e]

(-1+n?) sin[2]?

—%e‘“’nz (—1 +r]2) Sin[e] i—n (—1+r]2) (1 +Cos[e]) %e‘“’n (—1 +r]2) Sin[e]

n (—1 + nz) Sin[:—]z
Te# (-1+n?) sinfe]

(-1+n?) sin[2]?

—i—e‘i" nsin[e]
. 612
-n Sln[z—]
—%e"”’ sin[e]

-sin| i—] ?

// MatrixForm
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{n*Cos[@/2] +Exp[- (Ix¢) /2], n*Sin[6/2] +Exp[(I+¢) /2],
Cos[6/2] *Exp[-(I*¢) /2], Sin[6/2] +Exp[ (I*x¢) /2]} // MatrixForm

This is its complex conjugate:
% /.d->-¢ //MatrixForm

e nCos[2]

e = nsin[2]
e Cos[2]
e 2 sin[ <]

This is the Dirac conjugate:

{{1, e, o, @}, {0, 1, 0, 0}, {0, 0, -1, O}, {0, O, O, ‘1}]’-{77*(:05[6/2] *Exp[ (Ix¢) /2],
n*Sin[6/2] *EXp[-(Ix¢) /2], Cos[6/2] xEXp[(I*d) /2], Sin[6/2] *EXp[- (I *¢) /2]}

¥ ncos| 7], e nsin[ ], e ¥ cos| 7], -e ¥ sin[ 7]}

% // MatrixForm

}

io
eTnCos[

N D N O

]

e’"zinSin[

et Cos [

]

N O N D

—e 7 Sin [

]
This is their tensor product (19.135):

TensorProduct[{r/*Cos[e/Z] *Exp[-(I*9) /2],
n*Sin[6/2] xEXp[ (Ix@) /2], Cos[6/2] xExp[- (Ix¢) /2], Sin[6/2] +Exp[ (Ix¢) /2]},

i¢

{e]izinCos[g], e'TnSin[g], -«eﬁz_qs Cos[?], —e'¥ Sin[g]}] // MatrixForm

2Cos[ } e*“’nZCos[f}Sln[Q} —nCos[f}z —e ld’nCos[Q]Sln[%]
et?® 2Cos[g]s [ ] n251n[§} e“”nCosE]Sln[%] 777$in[§}2

nCos[?]z e‘i‘anos[?]Sln[;] —Cos[Q]2 ~e ¢ Cos[?] sin[?]
coreos(ssls]  asi[2) ecclysaly]  snl)
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FullSimplify[%] // MatrixForm

Lp? (1+Cos[o]) Lel?n?sin(o]
n? Sin[g}z

% e t?nsinio]
n Sin[g]z

ﬁ n (1+Cos[6]) % et nsinfe]

->e'?nsin(e]
—Cos[f]z

ﬁ e'?sin[o]

%eWUZSin[@] %U(—1+COS[9])

31 (1+Cos[o])

%e“’ nsin[e]

f e t?sin[e]

% (-1 +Cos[6])

This is our matrix in (19.135):

n? COS[%]Z
%nz el?Ssin[e]
17Cos[§]2
%e"“”n Sin[e]
n? Cos[%]z
= ew n?sinfe]
nCos[f]z
% el?nsinfo]

%nz ei¢sin[e]
7 sin[ 2]’
%e‘“’ nSin[e]
r]Sin[%]2
selon?sin(e]

n? Sin[%}z
Lei9psin[e]

2
nSin[?}z

—r7Cos[%:|2

—% el®nsSin[e]

—Cos[%]2

-% et?sin[e]

—nCos[?]z

-2el?nsin(e]

—Cos[%]z

-% el®sin[o]

—% e i¢nsin[o]

-nsin[2]?

-% et?®sin[e]

—Sin[%]2
Lei®nsin(e]
“psin[2]?
Leidsin[o]
—Sin[%]z

// MatrixForm

Simplify[% - %%] // MatrixForm

0 0 00
0 0 00
0 0 00
0 0 00

Case E<0 and A=1/2. The last identity (19.125):

This is the last tensor product of bi-spinors (19.132) in the polarization density matrix (19.125):

Tensor‘Pr‘oduct[{n*sin[e/Z] *Exp[-(Ix¢) /2],
-nxCos[6/2] xExp[ (Ix¢) /2], -Sin[6/2] xEXp[- (I*x¢d) /2], Cos[6/2] *Exp[ (Ix¢) /2]},

i¢

{s¥nsin[2], - F ncos[ 7], &% sin[ 7], -e"¥ cos[ >]}] // MatrixForn

nZSin[g} —e1? ZCos[g}Sin[g] nSin[?] —e’wnCos[%}Sin[%]
—eﬁ‘i’nZCos[i] [%} UZCos[ﬂz —eWnCos[e}Sln[%] nCos[%]

—nSin[ﬂ e'?nCos|[ 5] sin[%] —Sin[z}z e*?Cos[Z]sin[ 7]
ej“f’nCos[z}Sln[%] —nCos[%}z eWCos[g}Sin[?] —Cos[Q]

% /. Cos[%] Sin[g] - E*Sin[e] // MatrixForm

2 -1 Leionsinie]

-i9 n25in[e] :

nZSin[g} nSin[%]z

Leidnsin(o]

_1 i 2 ¢y
2<e ncSin[O] 5

. 2
-n Sln[g]

iej‘b nsin[e]

172(:05[%]2 ryCos[%]z
Leionsin(o]

2
—nCos[f}

-sin[2]? Leiosine]

iewsin[e] —Cos[f}z

Here, the bi-spinor (19.132):
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{n*sin[e/2] +Exp[- (Ix¢) /2], -n*Cos[6/2] xExp[ (Ix¢) /2],
-Sin[6/2] +Exp[- (I+¢) /2], Cos[6/2] xExp[ (Ix¢) /2]} // MatrixForm

[0
3
0n
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=]
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0n
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and its Dirac conjugate in the above tensor product:

i¢

{eTnSin[g], -e‘¥nCos[§], e¥ Sin[%], —‘e'ﬂz—¢ Cos[g]} // MatrixForm

This is the matrix in (19.134), once again:

{{n~2, @, -nxCos[e], -n*Sin[e] +Exp[-I*¢]},
{e, n~2, -n«sin[e] +xExp[Ix¢], nxCos[e]}, {nxCos[e], nxSin[e] xExp[-Ix¢], -1, @},
{n+sin[e] xExp[Ix¢], -nxCos[e], @, -1}} // MatrixForm

n? 0 -nCos[0] —e 1 nsin[o]
0 n? —el?nsin[o] n Cos [6]
ncos[e] e *®nsin[o] -1 0
et?nsinje] -ncCos[o] 0 -1

This is the matrix in the equation that is the next to (19.129), once again:

{{(Cos[e/2])*2-n"2+«(Sin[6/2]1) "2, (1/2) % (1+n~2)*Sin[e] xExp[-Ix¢], -n, O},
{(172) » (1+n"2) #Sin[©] xExp[I+¢], (Sin[6/2])"~2-n"2%(Cos[6/2])"2, 8, -n},
{n, @, (Sin[6/2])"2-n"2x (Cos[6/2]) "2, -(1/2) * (L +n"2) xSin[6] +Exp[-I*¢]},
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{e, n, -(1/2) » (1+n~2) »Sin[6] xExp[I*¢], (Cos[6/2])"2-n"2x(Sin[e/2])~2}} // MatrixForm

Cos[%}z—nzsin[f}z %e’w (1+n?) sin[e] -n 0
%ew(lJrnz) sin[o] —nZCos[g}erSin[?]z ) -n
n 0 -nchs[f}HSin[%}Z -2et? (14n?) sinle]
0 n ~2e'? (1+n?) sin[e] Cos[7] —n231n[§]2

The multiplication of the last two matrices results in:
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{{n~2, @, -nxCos[6], -n*Sin[6] +Exp[-Ix¢1}, {8, n"2, -n*Sin[6] xExp[Ix¢], n*Cos[e]},
{n+Cos[e], nxSin[e] xExp[-Ix¢], -1, @}, {n*Sin[e]«Exp[I«¢], -n«Cos[e], @, -1}}.
{{(Cos[e/2])~2-n"2+(Sin[6/2])~2, (1/2) % (1+n~2)*Sin[6] xExp[-Ix¢], -n, O},
{(172) » (1 +n"2) #Sin[6] +Exp[I*¢], (Sin[6/2])~2-n"2x(Cos[6/2])"2, 8, -n},

{n, @, (Sin[©/2])"2-n"2% (Cos[6/2]) "2, -(1/2) * (L +n"2) xSin[6] Exp[-Ix¢]},
{e, n, -(1/2) » (1+n"2) «Sin[6] xExp[I*¢], (Cos[6/2])"2-n"2x (Sin[e/2])"2}};
FullSimplify[%] // MatrixForm

%nz (-1+n?) (-1+Cos[e]) %e’“’nz (-1 +n?) sin[e] %n (-1+n?) (-1 +Cos[e]) ;—e’f“f’n (-1+n?) sin[e]
1

~el?n? (-1+n?) sin[o] —l—nz (-1+1%) (1+Cos[o]) %ej‘bn (-1 +n?) sin[e] % (-1+n?) (1+Cos[o])
ry(—1+772>Sin[jf}2 —%@’wn(—lJrnz)Sin[@] (—1+n2)Sin[§}z —%e’*‘”(—l+ryz)sin[6]
—%«ewn(—1+nz)Sin[e} %n(—1+nz) (1+Cos[6]) —%ew(—lJrnz)Sin[@] %(*1+n2) (1+Cos[o])

Finally, we compare the results:

%nz (—1 + r]z) (-1 +Cos[6]) %e‘“’r]z (—1 +r]2) Sin[e] }71 ( 1+ nz) (-1 +Cos[6]) i—e"‘“’n (—1 + r]z) Sin[e]
1 1
T —e

~e?n? (-1+n?) sin[e] '2‘"2 (-1+7?) (1+Cos[e]) Te*’n (-1+n?)sin[e] —%n (-1+n?) (1+Cos[e])
n(-1+n?) S:'Ln[;’—]2 —;—e'”rl (-1+n?) sin[e] (-1+n?) Sin[‘:—]2 —%e"”’ (-1+n?) sin[e]
-%e“’n(—1+n2) sin[e] %n(-1+n2) (1 + Cos[e]) —%e“’ (-1 +n?) sin[e] %(-1”;2) (1 +Cos[e])
n? Sin[%]Z —fae""“’n2 sin[e] nsin[i—]2 —%e'“’nSin[e]
(1 2) —%e“’ n?Ssin[e] n? Cos[:—]2 —%e“’nsin[e] r]Cos[%]2
) %
-nsin[2]? ~ei®nsinfe] -sin[ 2] Zei¢sin(e]

1eidpsi - 212 leidsi - 212

Set¢nsin(e] nCos[z] ~et?sin[e] Cos[z]
FullSimplify[%] // MatrixForm

0 0 0

[OIGRI

0 0 0
0 00
0 00
Thus, all cases of (19.124)-(19.125) are verified by Mathematica.

Appendix: Matrix Multiplication in Mathematica

Matrix multiplication

A = {{all, a12}, {a21, a22}}
{{all, a12}, {a21, a22}}

A // MatrixForm
( all al2 )
a2l a22
B = {{b11, b12}, {b21, b22}}
{{b11, b12}, {b21, b22}}
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B // MatrixForm

Jergeny

{{al1, al12}, {a21, a22}}.{{b11, b12}, {b21, b22}} // MatrixForm

( allbll + al2 b21 allbl2 +al2b22 )
a21bll + a22 b21 a21bl2 +a22b22

A.B // MatrixForm

( allbll + al2b21 allbl2 +al2b22 )
a21bll +a22b21 a2l1bl2+a22b22

Pauli matrices

Clear[{o1, 02, 03}]
Clear: {oy, 05, g3} is not a symbol or a string.

o1 = {{9, 1}, {1, ©}} // MatrixForm
(1)
10
o, = {{0, -I}, {I, ©}} // MatrixForm
(3 %)
i 0
o3 = {{1, 9}, {@, -1}} // MatrixForm
(6 1)
0 -1
01.02
(163 %)
Simplify [%]
(2607 %)
{{0, 1}, {1, @}}.{{0, -I}, {I, ©}} // MatrixForm
(6 5
0 -1
01.03
(1 6)-(e 1)
(23)-03 %)

{{e, -1}, {1, @}}
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{{0, 1}, {1, 0}}.{{1, 0}, {0, -1}} // MatrixForm
(1 %)

1 0
02.03

0 -1 1 0

(jl ) )'(e 71)

{{0, -1}, {I,0}}.{{1, 0}, {0, -1}} // MatrixForm

5y
Tensor product

TensorProduct[{a, b, ¢}, {a, B, ¥}] // MatrixForm

aa af ay
ba b3 by
ca cf3 cy

TensorProduct[{1, 2, 3}, {3, 1, 2}] // MatrixForm

312
6 2 4
9 3 6

v; = {a, b, ¢} // MatrixForm

|

v, = {a, B, ¥} // MatrixForm

Nn ocow

o
B
Y

TensorProduct[vi, v,] // MatrixForm

a
b
C

(04

B
Y

®

aa ap ay
TensorProduct [ {d}, {[ba bB by
ca cB cy

} ] // MatrixForm

ada adp ady
bda bdB bdy
cda cdp cdy
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[Here, we present a revised version to match Chapter 19 in the proceedings under consideration.]
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