Probability distributions describing quantum states 259

Chapter 16

Probability distributions
describing quantum states

Margarita A. Man’ko and Vladimir I. Man’ko
Lebedev Physical Institute, Leninskii Prospect 53, Moscow 119991, Russia

16.1 Introduction

We formulate the possibility to describe quantum states by conventional probability distri-
butions determining the density operators of these quantum states. Examples of quantum
oscillator states and spin-1/2 states are considered, and the probability distributions de-
termining the density matrices of the oscillator states and states of spin with given spin
projections are explicitly presented.

Quantum-mechanical systems have the states, which are usually described either by
complex wave functions [I] or by density matrices [2, [3]. There exist other possibilities to
describe quantum states, using different quasidistributions like the Wigner function [4],
Husimi function [5], and Glauber—Sudarshan function [6, [7]. In classical statistical me-
chanics, the system states are described by conventional probability distributions [§].
There were attempts to describe quantum states by conventional probability distribu-
tions, but they had difficulties due to the existence of uncertainty relation [9] [I0]; the
probability representation of quantum mechanics was constructed in [T1], [12] after several
decades of initial studies on the foundation of quantum mechanics [I3].

Here, we formulate the approach, where the probability representation of quantum
states is constructed on the examples of harmonic oscillator and spin-1/2 states.

In Section 2, we formulate the quantuzer—dequantizer operators for constructing the
probability representation of quantum states. In Section 3, we consider the example of
harmonic oscillator. Then, in Section 4, we study the example of qubit state (spin-1/2
state) and construct the probability distributions — alternatives of the density operators.
We close our presentation by conclusions and provide the suggestions for future develop-
ment of the probability representation of quantum mechanics.
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16.2 Quantizer—-dequantizer operators

In the conventional formulation of quantum mechanics, we use the notion of vectors | )
in the Hilbert space H and operators p called the density operators acting in this space.
The wave function (z) = (x | ¥) and the density matrix p(z,2') = (z | p | 2’) in the
position representation are usual objects associated with states; they obey the quantum
equations determining the system energy levels [13].

One can construct an invertible map of the operators p and other operators A acting
in the Hilbert space H onto their symbols fp(X: ) and fA(X ). These operators act on
the functions t(z), using the sets of operators U(X) and D(X) called dequantizers and
quantizerz, respectively. Symbols of the operators satisfy the equations

Fa(X) Tr (AU()?)) : (16.1)

A = / Fa(X)D(X) dX. (16.2)

Since the map is invertible, information on the operator Ais complete; also, information
contained in symbol of the operator A is complete. If symbol of the density operator p
is the probability distribution fp(f ), the quantum state is described by symbol f,,()Z' ).
All known representations of quantum states, such as the Wigner function [4], Husimi
function [5], and Glauber—Sudarshan function [6] [7], are determined by specific pairs
of quantizer—dequantizer operators. In the case, where the dequantizer operator has the
properties of the density operator, its symbol f,(X ) is the probability distribution [14} [15].

Thus, the problem of constructing the probability representation of quantum states
is reduced to problem of ﬁndlng the dequantizer operator U (X ) and quantizer operator
ﬁ(X ), respectively, where U( ) has the properties of the density operator, namely, it is
Hermitian, normalized Tr U (X ) =1, and has nonnegative eigenvalues.

All representations of operators known in quantum mechanics, including density op-
erators, are connected due to the relations associated with different kinds of quantizer—
dequantizer operator pairs. We assume that, in addition to the quantizer-dequantizer

operator pairs providing formulas lb and 1} there exists the other pair U ()7) and
D(Y) providing the relations

fa¥) = Tr (AU(?)) , (16.3)

A = / fa(Y)D(Y) dY. (16.4)
In view of 1D|| symbols of operator A are connected by integral transforms
/fA TrD( X)U(Y)|dX. (16.5)

Since all known representations, such as, for example, the Wigner function, are de-
termined by the quantizer—dequantizer operator pairs, new probability representations
should be connected with all known ones by integral transforms as well. As an exam-
ple, we can present our work [IT], [I2], where probability distributions of oscillator states
were connected with the Wigner function by Radon transform. After obtaining dequan-
tizer operators with the properties of density matrices, one can construct the probability
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representation of quantum states. In the next section, we consider the first example of
oscillator states.

16.3 Oscillator states in the probability representation

An important example of quantum-mechanical system is harmonic oscillator with the
Hamiltonian

p=L4+%. (16.6)

here, we assume the oscillator mass m = 1 and the oscillator frequency w = 1. Its wave
functions v, (x) satisfy the Schrodinger equation

2 1.2
(~57m+ 5 ) ale) = Butialo), (16.7)

where the energy levels E, = n + 1/2, Planck’s constant i = 1, and 9,,(z) is expressed
in terms of Hermite polynomials as follows:

L s —ap2
W)= ——m e *“H,(z). 16.8
val) = o (@) (163)
Wave functions play important role in describing quantum phenomena.
Also, the wave function v, (x) of coherent states (z|a) [6l [7] satisfies the Schrodinger
equation and the relation

iy (x) = athy();  a=2""2(G+1ip) (16.9)

and has the Gaussian form

2

2 2
Yo (x) =7 4exp <—$2 +V2az — % - |O;|> . (16.10)

To consider the probability representation of the oscillator state, we use the dequan-
tizer operator U(X); X = (X, u, v) and the quantizer operator D(X); they read
UX) = 6(X1—pg—uvp), (16.11)

1 .
(X) = gexp(in—i,qu—iuﬁ). (16.12)

For complex wave function ¢ (z), symbol of the operator p,,(z, ") = ¢ (x)y"(2') is

wy, (X | pv)="Tr [Py 6 (X1 — pp —vd)]; (16.13)
it provides the possibility to reconstruct the density operator p, in view of the relation
1 .
p= %/wp(X | p,v)exp [i (X1 — pg—vp)] dX dudy. (16.14)

For pure states p,, = [1)(¢[, symbol of the density operator called symplectic tomogram

has the form [IT],
X
/w(y) exp {Z (;sz - Vy>] dy

2

1
X _ 16.15
wolX | pov) = g (16.15)
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One can check that the oscillator tomograms are positive and normalized probability
distributions; it means that

/ww(X | p,v)dX = 1. (16.16)

Thus, for the ground state of the oscillator 1, (z) = 7r_1/4e_””2/2, in view of (16.16)), we
arrive at the normal probability distribution
exp [—X2%/(u? + v?)
wO(X | ,u,v) = [ 3 3 ] ) (1617)
m(pu? +v?)

with zero mean value and dispersion equal to (u? + 2). One can check that
1 [exp[-X2/(p?+v?)]

2m m(u? + v?)

x(z | exp [i (X1 — pg —vp)] | ') dX dudv

pO(xwxl) =

S v S D
=7 exp{ 5 5 } . (16.18)
Tomogram is the conditional probability distribution with real parameters
and v, which define the reference frames in the oscillator phase space with the property
X1 = 14 + vp. An analogous relation in classical mechanics provides the possibility
to introduce the tomographic representation [16 [I7], using Radon transform [18] of the
probability density f(p,q) of classical particle

wa(X | ) = / F(p.9)6 (X — g — vp) dX dpdv. (16.19)

The Radon transform of the probability distribution f(g,p,t) describing the state of
classical particle, including the particle trajectory ¢(t) = F(qo,po,t); p(t) = ¢(t), where
qo and pg are the initial points in the phase space of the particle at time ¢t = 0, provides
symplectic tomogram, which describes the behavior of the classical particle. In fact, one
can show this behavior on an example of the free-particle motion with ¢(t) = go + pot;
p(t) = po. The probability distribution f(q,p,t) = d[q — (¢o + pot)]d(p — po) describes the
motion of free particle with the initial position ¢y and the initial momentum pg at ¢t = 0.
Then the classical-state tomogram of free-particle motion is given by Radon transform

wa(X | p,v,t) = /f(p,q7t)5(X—uq—Vp) dq dp
= 0[X — plgo + pot) — vpo] . (16.20)

It is important that inverse Radon transform reconstructs the probability distribution of
the particle with given trajectory; on the example of free particle, this means that
1 .
iz [ WX o) exp (X = g = vp) dX dyad = £(p. 0,1 (16.21)

and, for free particle, we have
1
o) /5 [X — 1(qo0 + pot) — vpo
0

x exp [i (X — ug — vp)] dX dpdv
=0 [q — (g0 +pot)] 6 (p — po) - (16.22)
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Analogous relations of tomograms of classical particle and the written probability density
can be checked for any trajectory satisfying the Newton equation [16] [17].

In the approach presented, the integrals of motion play an important role; analogous
integrals of motion are available in the case of Hamiltonians, which are quadratic in
positions and momenta [19] 20] — examples of such Hamiltonians are Hamiltonians of
oscillator systems.

16.4 Qubit states in the probability representation

As an example of qubit states, let us consider the spin-1/2 states. To describe the ob-
servables S, S, and S, namely, spin projections onto the z, y, and 2z axes, one can use
the Pauli matrices, which read

oy, S, = 50 (16.23)

0 1 0 —1 1 0
O'm<1 0), Jy<i 0 >, 0z<0 _1). (16.24)

The normalized eigenvectors | ¢,), | ¥,), and | ¥,) of spin projections Sy, S'y, and S.,
where we assume Plank’s constant & = 1, have the form

e = \}( V)= (). (16.25)
| Yyt = ( 1 ) |y - = 12( _12 ) (16.26)

wde=(g ) Te-=(7): (1627

They satisfy the following conditions:

where

So | ¥)e = i% | Y2+, (16.28)
Sy 1, = 7 | 9,), (16.29)
Sl v.)x = i% | .)+ (16.30)

The density operators of the pure states (16.25)—(16.27|) read
. 1/2 1/2 (12 —1)2
Poy = < 1/2 1/2 ) Po— = ( ~-1/2 1/2 )° (16.31)
. [ 1/2 —i/2 . 1/2 /2
Py = < i/2 12 ) Py-= ( —i/2 1/2 )" (16.32)
. 1 0 . 0 0
Pz+:<0 0), Pz—:<0 1). (16.33)
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One can see that operators (16.31)—(16.33) have the following property:
b= plL=1 bl =) 16.34
Pzt Pzt pyi py:tv Pzt Prt- ( : )

The eigenvalues of these operators are equal one or zero, i.e., they are nonnegative; also,

their trace is equal to one. If one has the density matrix of qubit state p = ( /p) 1 Z 12 ) ,
21 P22

which also has analogous properties: pf = p, Trp = 1, and the eigenvalues of p are non-
negative, then, due to Born’s rule [14] [15], we arrive at the numbers Tr (ppmi), Tr (,b[)yi),
and Tr (pp,~) in the form of conditional probabilities; they read

p1=w (+1/2|1):Tr(,3p 4, l—=pi=w(-1/2]1)="Tr(pp,_), (16.35)
p2=w(+1/2|2) =Tr (pp,y) , 1—p2=w(-1/2]2) T( py-)» (16.36)
ps=w(+1/2]3)=Tr(pp,,), 1—p3=w(-1/2|3)="Tr(pp._). (16.37)
We see that the conditional probability distributions w(X | j), with X = +1/2 and

j=1,2,3, satisfy the property

1/2

S w(x ) =1

X=—1/2

Thus, the physical meaning of the qubit density matrix elements is associated with the
conditional probability distribution describing the spin projections on the directions in
the space.

The physical meaning of the probability distribution w(X | j) is the probability to
have, in the state with the density operator p, the probability for spin projection 41/2
onto the z, y, and z axes if j = 1,2, 3. Thus, random variable X is the spin projection onto
the x, y, and z directions, with spin parameters j = 1, 2,3 showing the spin directions.

In view of relations 77 we can obtain the dequantizers U (X | j) and
they, in turn, provide the possibility to arrive at the probability distributions w(X | j)
for qubit state with the density operator p = p(£1/2 | j); they are

, (16.42)

(16.43)

UH1/2]1) = < }g }g ) (16.38)
O(-1/2|1) = ( _11//22 *11/22 ) , (16.39)
U(+1/2|2) = ( %g _11/22 ) (16.40)
U(-1/21]2) = < _12//22 i//z ) (16.41)
)

)
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The matrix elements of the state density matrix p = < Z B Z 12 ) can be expressed in
21 P22
terms of probabilities (16.35)—(16.37)); then the density matrix reads [21]
. p3 p1— (1/2) —i(p2 — 1/2)
= , . 16.44
’ ( P = (1/2) +i(p — 1/3) 1 s (16:44)
1/2

Taking into account that ) ¢~ w(X | j) = 1 and introducing the parameters describ-

—1/2

1
ing the differences of probabilities 3 [w(+1/2 ] j) —w(—=1/2] )], namely,

Ac(l) = (2p1—1)/2 Ap(2)= (22— 1)/2 AL(3) = 2ps—1)/2,  (16.45)
we arrive at the density matrix of the form
. (1/2) + A(3) A1) —iA(2)
p= ( A() +iA(2) (1/2) - A(3) ) (16.46)

For spin pure states, p> = p and the condition parameter satisfies the relation |A(j)| <
1/2. For mixed states, the purity parameter Trp? < 1. One can introduce the prob-
ability distribution P(X,j) of random variables X = +1/2; j = 1,2,3 as P(X,j) =
w(X | j)W(4), where the probability distribution W (j) > 0, E?Zl W(j) = 1, and

1/2 : .
V2 POXG) = ().
Another spin-1/2 system probability representation was constructed in [22].

The von Neumann entropy for this distribution in the probability representation reads

o (1/2 ( ) A1) —iA@2)
S = -Trplnp=-Tr [( (1/2)A A(2) (1/2)—A(3) )

)+
(1)

(1/2)+A(3) AQ )fm( )
Xln( (1/2)A(1) +iA(2)  (1/2) — A(3) )] (16.47)

Also, we can consider the Shannon entropy

3 1/2
== > wX [ Hmw(X | ). (16.48)
j=1X=-1/2

In the case of two qubits, one can construct the quantizer and dequantizer operators
and study the entangled probability distributions of the system consisted of two spin-1/2
subsystems.

16.5 Two spin-1/2 systems

To generalize our construction of the quantizer and dequantizer operators for the case of
two qubits [23] [24], we introduce the operator of the following form:

U (X1, X1 ] j1,52) =U (X1 | j1) @ U (X2 | jo), (16.49)

where operators U (X1 | j1) and U (X3 | j2) are given by (16.38)(16.43). By construction,
these operators have the properties of density operators and, in view of this fact, the
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P11 P12 P13 P14
P21 P22 P23 P24
P31 P32 P33 P34

Pa1 Paz2  Pa3  Pas
conditional probability distribution determined by 36 probabilities

density operator p of two qubits (ququart) p = provides the

w (X1, X1 | s gz) = Tr [p0 (X, Xu |, o) (16.50)

where X1 = +1/2, Xo = +1/2, j; = 1,2,3, and j, = 1,2, 3.

We introduce notation

w (+1/2a +1/2 | 3, 3) = Pzt,2ty W (+1/2) _1/2 ‘ 3, 3) = Pzt,zls

(16.51)
w(—=1/2,41/213,3) = poy oty w(—1/2,-1/2|3,3) = pay..y.

In this notation, the relation of the probabilities with density matrix of two-spin states
explicitly reads

P11 P12 P13 Pi4 1000
P21 P22 P23 P24 00 00
2,2t = LT
Pet=t P31 P32 P33 P34 0000
Pa1 P42 P43 P44 00 00
This means that
Dzt,zt = P11 (16.52)

Analogously, we give explicitly the matrix elements of the density matrix expressed in
terms of the prObabﬂitieS DPzt,215 Pzt,zls Pzl,zts Pzl,zls Pxt,ats Pxt,xls Pxl,ats Pxl,lr Pyt,yts
Pytyls Pylyts Pylyls Pztats Pat,zts Pxt,zls Pzl,aty Pztal, Pxlzt) Paxlzl Pzlazl, Pztyts
Pyt,zts Pyt,zly Pzlyty Pztyls Pyl,zts Pyl.zls Pzlyls Pytats Pztyts Petyls Pylats Pytals
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Pzlyts Pxlyls and Pyl,x| @S follows:
P11 = Pzt,z1s
P22 = P2tz
P33 = Pzl,z1»
Pa4 = Pzl,z4>
. 1
P12 = P21 = Pztat — 5 (P2t,2t + P2po2y)
1
+1 5 (pzT,zT +pzT,z¢) — Pztyt] s
. 1
P13 = P31 = Pxt,2t — 5 (pzT,zT +pz¢,zT)
1
+i | 5 (Patet +Pa121) = Pytiat |
N 1
Pra =P = 5 (Potat + Patal = Pytyt — Pyluyl)
)
+5 (Pytat + Pyt + Patyl + Pagyr — 1),
N 1
P23 = P32 = 5 (Potat + Palel = Pyt — Pyloyt)
)
+5 (Pl + Pysat = Patys — Palayt)
. 1
P24 = Pa2 = 5 (pzT,z¢ + pzi,zl) — Pxl,z|
1 1
+i | 5 (Patay + Pazl) = Pytiad
L * . i
P34 = P43 = 5 (pzi,z? + pzl,zl) — Pzizl
Hi | 5 (Paget +Paizl) = Palt | - (16.53)

In view of these relations, we can express the density matrix elements in terms of proba-
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bility distributions of spin projections as follows:

P11 = Pat,zty P22 = Pztzls P33 = Pzl,zts  Paa = Pzl,z)s

1
Repy = Repyy = petoat — 5 (pzT,zT + Datozy)

1
Repy3 = Repsy = put 2t — B (Pzt,21 + D2y, 21) 5

Repyy = Repy; = % (Pt 2t + Petol = Pytyr = Pylal)

Repys = Repsy = % (Pat ot + Peliel = Pytyl — Pylyt) s

Repyy = Repyy = % (P42 + P2p21) — Doly2ls

Repsq = Repys = % (Pz4,21 + Pzlzy) = Pelozls

Imp,s = —Impy, = % (Pzt,21 + D2t,21) — Datoyts

Impy3 = —Impy, = % (Pzt,21 + Patzy) — Pyt

Imp,y = —Impy, = % (Pyt,zy + Pylat + Patyl + Palyr — 1),

Impys = —Impy, = % (Pyt.as + Pyrat = Patyl = Palyt)

Impyy = —Impy, = % (Potzy + D2l zy) —

Impgy = —Impy3 = % (P2y,21 + D2i2t) — Palyts (16.54)

These formulas provide the possibility to obtain the density matrix of two qubit states
by measuring the above probabilities.

16.6 Conclusions

To conclude, we point out the main results discussed in our work.

We showed that the old problem of quantum physics, which was not solved during
one century, namely, the problem of describing the states of systems in the nature can be
solved, by means of conventional probability functions. On examples of usual systems, like
the harmonic oscillator and qubits, we showed that, in addition to standard description of
states employed in all textbooks on quantum mechanics, the states of harmonic oscillator
and qubits can be described by conventional classical conditional probability distributions.
These probability distributions, like tomographic probability distributions, for oscillator
systems also determine usual density matrices and, for pure oscillator states like deformed
oscillator, wave functions. Thus, all information on quantum states available in the
tomographic probability distributions for systems like oscillators completely coincides
with information contained in the wave function or density matrix, including the energy
spectrum and the evolution associated with the dynamics described by the Schrodinger
equation.
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The probability distributions describing quantum states of oscillators and qubits con-
tain information on the entanglement in the system associated with the superposition
principle which, in turn, is related to superposition of wave functions of two-mode os-
cillators. The entangled quantum states provide the possibility to obtain new kinds of
classical probability distributions called the entangled probability distributions, which
have not been studied in conventional probability theory, but will be studied in the future
publications. For spin systems, an explicit form of the probability representation, we pre-
sented here, provides the possibility to discuss the properties of Bell’s states, which are
entangled spin states, and generalize the known entangled qubit probability distribution
to multi-qudit systems.

The problem of extending our approach to quantum field theory and obtaining the
probability representation for the case of quantum field theory is the other aspect which
will be considered in the future publications.

Thus, in our work on examples of the simplest quantum systems, like oscillators and
spin-1/2 systems, we found that the classical description of states of usual classical oscil-
lator can be extended to quantum oscillator by generalizing the classical Radon transform
to the quantum Radon transform, that also needs to be deeper studied in mathematical
physics.

The methods used in the consideration of probability representations of quantum
states like the method of integrals of motion for systems with quadratic Hamiltoni-
ans [25], 26] can be used to obtain explicit expressions for the conditional probability
distributions describing the system states; for example, all problems of charges moving
in magnetic fields like the problem of Landau levels [27] and its development for a more
complicated situation [28, 29]. Analogously, it is worth to try to formulate the influence
of classical parameters on quantum phenomena studied in [30] and nonstationary Casimir
effect studied in [31], B2] using the probability representation of quantum mechanics.

We thank Dr. Viktor V. Dodonov, our friend and colleague for decades of collabora-
tions and wish him good health and great success in his scientific activity and teaching the
students, along with creating new knowledge in physics, especially, in quantum physics.
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