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13.1 Introduction

The main aim of this paper is to discuss the possibility to describe the quantum states
of physical system in the framework of conventional quantum mechanics using standard
probability distribution.

Evolution of coherent and some another states of harmonic oscillator for which at
time t = 0 the frequency ωin = 1 and finally changes becoming ω(t > 0) = iω = i (so
called inverted oscillator) is described by conventional probability distribution which is
alternative of density operator in probability represention of quantum mechanics. The
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inverted oscillator was studied e.g. in [1, 2] in connection with relation to cosmological
problems. Some of the inverted oscillator problems were also considered in [3–6]. The
method of time-dependent intehrals of motion for systems like inverted oscillator is used
to find the explicit form of the probability distributions [7] describes the states of the
oscillator dynamics.

We consider this possibility onto simplest examples like spin–1/2 systems and free
motion of a particle. We point out the canonical method to describe the states of quantum
system is to associate the states either with complex wave function Dirac [8] or with the
density operators [9, 10] acting in a Hilbert space [11]. Our goal is to construct the
invertable map of the wave functions and density matrices onto conventional nonnegative
probabilities obeying quantum evolution equations similar to equations used in classical
statistical mechanics for describing the states of classical systems taking into account the
fluctuations of positions and momenta of the particles. The probability representation of
quantum mechanics was introduced for systems with continious variables like harmonic
oscillator using quantum tomographic probability distribution of the oscillator position
[12, 13] and for spin systems in [14–18].

In this paper we present the example of free motion coherent states in the tomographic
probability distribution representation based on using the time–dependent integrals of
motion linear in position and momentum operators [19–25]. The method of such inte-
grals of motion was used in this works to construct coherent states of arbitrary quantum
systems with the Hamiltonians quadratic in position and momenta operators. Quantum
evolution equation for open system was considered [26–29]. In [30] it was shown that
in classical mechanics can be introduced the Hermitian operators and the concepts of
classical mechanics can be formulated using the inverse Wigner-Weyl transform of the
classical probability distributions. In [31] the attempts to study the problems of complex
biosystems composed of many subsystems and in [32] the attempts to model social process
using the language of quantum mechanics, thermodynamics, quantum information and
field theory were done. In [33] a review of classical probability representations of quan-
tum states and observables is done and in [34] quantum nonlocality is discussed. New
fundamental aspects of quantum mechanics based on groupoid approach are investigated
in [35]. The problem of the probabilities used in quantum mechanics was discussed in [36]
. The methods of star-product, tomography and probability representation of quantum
mechanics were applied to different problems of quantum phenomena in [37–47]. The
geometrical interpretation of spin state in probability representation with the help of
Malevich’s squares is done in [48, 49]. Applications of quantum tomographic approach to
different kinds of experiments as well as theoretical researches were discussed in [50–54].

The paper is organized as follows. In Sec. 2 we consider the inverted oscillator and its
evolution in probability representation. In Sec. 3 we consider spin–1/2 system (two–level
atom). In Sec. 4 we consider the spin-1/2 states, spin projections as physical observables
and superposition principle in probability representation of quantum mechanics. In Sec.
5 we consider Schrödinger equation in probability representation of quantum mechanics.
In Sec. 6 we discuss new entropic inequalities. In Sec. 7 the quantum tomography of a
free particle and its relation to the Wigner quasiprobability distribution (Wigner function
[55]) is studied. An example of a coherent state of free particle is obtained as limit of
oscillator coherent state for frequency equal to zero.
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13.2 Inverted oscillator and its evolution in
probability representation of quantum mechanics

The Hamiltonian of inverted oscillator with mass m = 1 and frequency ω2 = −1 has the
form

Ĥ =
p̂2

2
− q̂2

2
(13.1)

where p̂ = −i ∂∂x , q̂ = x (we assume Planck constant ℏ = 1). The integrals of motion q̂0(t)
and p̂0(t) which satisfy the conditions q̂0(t = 0) = q̂, p̂0(t = 0) = p̂ and the evolution

equation dq̂0(t)
dt = 0, dp̂0(t)dt = 0 or

∂q̂0(t)

∂t
+ i

[
p̂2

2
− q̂2

2
, q̂0(t)

]
= 0, (13.2)

∂p̂0(t)

∂t
+ i

[
p̂2

2
− q̂2

2
, p̂0(t)

]
= 0, (13.3)

have the form of time-dependent linear combination of operators q̂ and p̂, i.e.,

q̂o(q̂, p̂, t) = q̂ cosh t− p̂ sinh t, (13.4)

p̂o(q̂, p̂, t) = −q̂ sinh t+ p̂ cosh t. (13.5)

The evolution of the density operator of any physical system state with time-independent
Hamiltonian Ĥ is determined by unitary operator Û(t) = exp(−iĤt) using the expresion
for the evolving density operator ρ̂(t) of the form

ρ̂(t) = û(t)ρ̂(0)û†(t) (13.6)

which is integral of motion. The probability distribution w(X|µ, ν, t), where X is position
and µ, ν are parameters of the state with density operator (13.6) reads [7]

wρ̂(X|µ, ν) = Trρ̂δ(X 1̂− µq̂ − νp̂) (13.7)

In view of (13.6) one can express (13.7) in terms of expression

wρ̂(X|µ, ν, t) = Trρ̂(0)δ(X 1̂− µH q̂ − νH p̂) (13.8)

which is the probability distribution describing the initial state of the oscillator with
parameters µH(t) and νH(t) corresponding to the Heisenberg position q̂H(t) = û†(t)q̂û(t)
and momentum p̂H(t) = û†(t)p̂û(t) operators providing the equality

X 1̂− µH(t)q̂ − νH(t)p̂ = X 1̂− µq̂0(t)− νp̂0(t), (13.9)

where we use the relations of integrals of motion q0(t) and p0(t) with the Heisenberg
operators q̂H(t) = q̂0(−t) and p̂H(t) = p̂0(−t), i.e.

µH = µ cosh t+ µ sinh t and νH = µ sinh t+ µ cosh t. (13.10)
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Thus, if initial probability distribution at t = o determines the coherent state of usual
oscillator ψα(x, 0), i. e.

w0(X,µ, ν, t = 0) =
1√

π(µ2 + ν2)
exp

(
− (X − X̄(0))2

µ2 + ν2

)
. (13.11)

where
X̄ =

√
2 (µReα+ νImα) (13.12)

in potential of inverted oscillator it involves as normal distribution with dispersion

σ = µ2
H(t) + ν2H(t) and X̄(t) =

√
2 (µH(t)Reα+ νH(t)Imα) . (13.13)

13.3 State vector. Spin

Let us consider the spin-1/2 state. It is determined by complex vector which in Dirac
form is [11]

|ψ⟩ =
(
ψ1

ψ2

)
, |ψ1|2 + |ψ2|2 = 1, (13.14)

where |ψ1|2 is probability to find spin-projection on axis z equal to m = +1/2, and |ψ2|2
is probability to find spin projection on the axis z equal to m = −1/2.

If the quantum particle is interacting with the medium, then the additional fluctua-
tions appear and the state of the particle is determined by the density matrix [9, 10]. For
example the mixed state density matrix of harmonic oscillator is of the form

ρ(q, q′) =
∑
k

Pkψk(q)ψ
∗
k(q

′),
∑
k

Pk = 1. (13.15)

The spin-1/2 mixed state is determined by the density matrix which is a mixture

ρmm′ = λ1(|ψ(1)⟩⟨ψ(1)|)mm′ + λ2(|ψ(2)⟩⟨ψ(2)|)mm′ + . . . ,

λ1 ≥ 0, λ2 ≥ 0, . . . , λ1 + λ2 + . . . = 1. (13.16)

The pure state also can be determined by density matrix. For example, the density matrix
of pure oscillator state is expressed through the scalar product of state vectors

ρψ(q, q
′) = ψ(q)ψ∗(q′).

For spin 1/2 state the density matrix of pure state is

ρψmm′ = |ψ⟩⟨ψ| =
(
ψ1

ψ2

)(
ψ∗
1 ψ∗

2

)
=

(
ψ1ψ

∗
1 ψ1ψ

∗
2

ψ2ψ
∗
1 ψ2ψ

∗
2

)
, (13.17)

where m = ±1/2, m′ = ±1/2.
In classical mechanics the observables are the functions of coordinate q and momentum

p. For example, the energy of oscillator is of the form

E(q, p) =
p2

2m
+
mω2q2

2
. (13.18)
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The observables in quantum mechanics are hermitian operators. Energy operator (the
Hamiltonian) of spin 1/2 is hermitian operator, which is determined by matrix

H =

(
H11 H12

H21 H22

)
, H† = H. (13.19)

The eigenvalues of observables are real numbers. For example, the observable which is
spin projection on axis z is of the form ŜZ = ℏ

2σz, the operator of spin projection on axis

x is Ŝx = ℏ
2σx, operator of spin projection on axis y is Ŝy = ℏ

2σy, where matrices σz, σx,
σy are the Pauli matrices

σz =

(
1 0
0 −1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
. (13.20)

13.4 Probability representation for the spin–1/2 state

Let us consider the state with the density matrix

ρ =

(
ρ11 ρ12
ρ21 ρ22

)
(13.21)

and solve the following problem: What is the probability that the measurement of spin
projection on axis z is equal to m = +1/2? The answer is: this probability p3 is equal to
ρ11,

p3 = Tr

((
ρ11 ρ12
ρ21 ρ22

)(
1 0
0 0

))
= ρ11. (13.22)

What is the probability to find under the measurement of the spin projection on axis x
the value equal to m = +1/2 in the state (13.21)? This probability p1 is 1

2 + ρ12+ρ21
2 . So

one has

p1 = Tr

((
ρ11 ρ12
ρ21 ρ22

)(
1/2 1/2
1/2 1/2

))
=

1

2
+
ρ12 + ρ21

2
=

1

2
+ Reρ12. (13.23)

What is the probability to find under the measurement of the spin projection on axis y
the value equal to m = +1/2 in the state (13.21)? This probability p2 is 1

2 − Imρ12, it is
equal

p2 = Tr

(
ρ11 ρ12
ρ21 ρ22

)(
1/2 −i/2
i/2 1/2

)
=

1

2
+ Imρ21 =

1

2
− Imρ12. (13.24)

We obtain, that the matrix ρ (13.21) is of the form

ρ =

(
p3 p1 − 1/2− i(p2 − 1/2)

p1 − 1/2 + i(p2 − 1/2) 1− p3

)
. (13.25)

Any observable (13.19) can be written in the form

H =

(
z1 x− iy

x+ iy z2

)
. (13.26)
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The statistical properties of the observable are determined in quantum mechanics through
mean values, dispersions and higher momenta. For example, the mean values are

⟨H⟩ = Tr (ρH) = Tr

((
ρ11 ρ12
ρ21 ρ22

)(
H11 H12

H21 H22

))
,

so

⟨H⟩ = ρ11H11 + ρ12H21 + ρ21H12 + ρ22H22.

Our aim is to express these quantum quantities through the analogs of three classical
random variables

X⃗ =

(
x
−x

)
, (13.27)

Y⃗ =

(
y
−y

)
, (13.28)

Z⃗ =

(
z1
z2

)
(13.29)

and probabilities p1, p2, p3. Let us show the expression for mean value of the observable
⟨H⟩ as a result of a game with three classical coins. Let the first coin has the probability
distribution of the form

p⃗1 =

(
p1

1− p1

)
, (13.30)

then ± or ”heads” and ”tails” are connected with random variable X⃗ (13.27). The second
coin with probability distribution

p⃗2 =

(
p2

1− p2

)
, (13.31)

is connected with random variable Y⃗ (13.28), and the third one with probability distri-
bution

p⃗3 =

(
p3

1− p3

)
, (13.32)

is connected with random variable

Z⃗ =

(
z1
z2

)
. (13.33)

The numbers x, y, z1, z2 can be arranged in a matrix form, so one has for H

H =

(
H11 H12

H21 H22

)
=

(
z1 x− iy

x+ iy z2

)
. (13.34)

Then the quantum mean value of observable H, namely ⟨H⟩ = Tr(ρH), is

⟨H⟩ = ⟨X⃗⟩+ ⟨Y⃗ ⟩+ ⟨Z⃗⟩ = [p1x+ (1− p1)(−x)] + [p2y + (1− p2)(−y)]
+[p3z1 + (1− p3)z2].
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One has for the random variable X⃗ (13.27), where when a coin lands on ”heads”, the payoff

is +x, and in case of ”tails”, the loss is (−x), then the average income ⟨X⃗⟩ according to
the classical theory of probability is

p1(x) + (1− p1)(−x) = ⟨X⃗⟩.

Analogously, the same one has for ⟨Y⃗ ⟩ and ⟨Z⃗⟩.
We can conclude that the state of the particle with the spin–1/2 can be interpreted

in quantum mechanics as a set of probabilities given by vectors

P⃗ =

 p1
p2
p3

 and (1− P⃗ ) =

 1− p1
1− p2
1− p3

 , (13.35)

and observables, for example, (13.19), can be interpreted as a set of random variables

X⃗, Y⃗ , Z⃗ in the game with classical coins, which are determined by probabilities p1,
p2, p3, 1 − p1, 1 − p2, 1 − p3. So, we show on the example of the spin s = 1/2, that
quantum states can be determined by probability distributions for classical coins, and
quantum observables can be determined by corresponding classical, random variables.
This approach can be generalized to other spin systems. The approach can be illustrated
by paraphrasing Einstein’s discussion with Bohr, namely, the statement ”God does not
play dice - God plays with coins” [56].

Expressions for higher momenta can be obtained, for example, dispersion of the ob-
servable

σH = ⟨H2⟩ − (⟨H⟩)2 = Tr
(
ρH2

)
− (Tr (ρH))

2

is expressed through the probabilities p1, p2, p3 and values of random variables X⃗, Y⃗ , Z⃗ .
The quantumness of a state with a density matrix ρ imposes a condition on the

probabilities in the game with classical coins, namely, the density matrix must have only
non-negative eigenvalues. We get the inequality

detρ = 1/4− (p1 − 1/2)2 − (p2 − 1/2)2 − (p3 − 1/2)2 ≥ 0. (13.36)

This inequality (13.36) can be violated in the case of the game with classical coins, that
is, it does not hold for all probabilities 0 ≤ p1, p2, p3 ≤ 1 [57]. For pure quantum states,
inequality turns into equality, that is, if ρψ = |ψ⟩⟨ψ|, then the probabilities p1, p2, p3 lie
on the surface of a sphere of radius R = 1/2 given by the equation

(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 = 1/4. (13.37)

We can express the state vector through three probabilities p1, p2, p3 also in the case of
pure state ρψ = |ψ⟩⟨ψ|. The state vector

|ψ⟩ =

( √
p3

(p1−1/2)√
p3

+ i(p2−1/2)√
p3

)
(13.38)

gives the expression for density matrix

ρψ = |ψ⟩⟨ψ| =
(

p3 p1 − 1/2− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2) 1− p3

)
. (13.39)
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This expression implies the formulation of the principle of superposition as a rule for
nonlinear addition of probabilities.

Given two orthogonal, pure states |ψ1⟩ and |ψ2⟩, determined by the probabilities p1,
p2, p3 (first state) and P1, P2, P3 (second state), then their superposition has the form

|ψ⟩ = c1|ψ1⟩+ c2|ψ2⟩,

where

c1 =
√

Π3, c2 =
Π1 − 1/2√

Π3

+ i
Π2 − 1/2√

Π3

,

and numbers Π1, Π2, Π3 are formally probabilities lying on the surface of the same
sphere as the probabilities p1, p2, p3, P1, P2, P3. The superposition |ψ⟩ is given by a set
of probabilities P1, P2, P3, which are expressed in terms of probabilities p1, p2, p3, P1,
P2, P3 and numbers Π1, Π2, Π3 as follows

P3 = Π3p3 + (1−Π3)P3 + 2
√
p3P3 (Π1 − 1/2) ,

P1 − 1/2 = Π3(p1 − 1/2) + (P1 − 1/2)(1−Π3)

+ [(Π1 − 1/2)(p1 − 1/2) + (Π2 − 1/2)(p2 − 1/2)]

√
P3

p3

+ [(Π1 − 1/2)(P1 − 1/2)− (Π2 − 1/2)(P2 − 1/2)]

√
p3
P3
,

P2 − 1/2 = (p2 − 1/2)Π3 + (P2 − 1/2)(1−Π3)

+

√
P3

p3
[(Π1 − 1/2)(p2 − 1/2)− (Π2 − 1/2)(p1 − 1/2)]

+

√
p3
P3

[(Π2 − 1/2)(P1 − 1/2) + (Π1 − 1/2)(P2 − 1/2)] .

13.5 Schrödinger equation

In quantum mechanics the energy of the system has the quantized values. The energy
levels are defined by the solutions of the Schrödinger equation

Ĥ|ψ⟩ = E|ψ⟩ (13.40)

In the case of the particle with spin s = 1/2 (qubit) the equality is of the form(
H11 H12

H21 H22

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (13.41)

then we obtain
H11ψ1 +H12ψ2 = Eψ1,

H21ψ1 +H22ψ2 = Eψ2.

The solution is given by the secular equation

det

(
H11 − E H12

H21 H22 − E

)
= 0. (13.42)
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We get the quadratic equation

H11H22 − EH22 − EH11 + E2 −H21H12 = 0,

with the solution of the form

E1,2 =
H11 +H22

2
±
√

(H11 +H22)2

4
−H11H22 +H21H12. (13.43)

The Schrödinger equation specifying the energy levels of a particle with spin s = 1/2 can
be written for the density matrix. We multiply the Schrödinger equation by the bra-vector
⟨ψ| on the right

Ĥ|ψ⟩⟨ψ| = E|ψ⟩⟨ψ|
and we understand the vector as a rectangular matrix(

H11 H12

H21 H22

)(
ψ1

ψ2

)
(ψ∗

1 ψ∗
2) = E

(
ψ1

ψ2

)
(ψ∗

1 ψ∗
2) . (13.44)

Introducing

ρ =

(
ρ11 ρ12
ρ21 ρ22

)
=

(
ψ1

ψ2

)
(ψ∗

1 ψ∗
2) =

(
ψ1ψ

∗
1 ψ1ψ

∗
2

ψ2ψ
∗
1 ψ2ψ

∗
2

)
, (13.45)

we get
ρ11 = ψ1ψ

∗
1, ρ12 = ψ1ψ

∗
2, ρ21 = ψ2ψ

∗
1, ρ22 = ψ2ψ

∗
2. (13.46)

Using (13.45), (13.46)(
H11 H12

H21 H22

)(
ρ11 ρ12
ρ21 ρ22

)
= E

(
ρ11 ρ12
ρ21| ρ22

)
,

we obtain four equations

H11ρ11 +H12ρ21 = Eρ11, H11ρ12 +H22ρ22 = Eρ12,

H21ρ11 +H22ρ21 = Eρ21, H21ρ12 +H22ρ22 = Eρ22.

It can be verified that these relations are obtained from the matrix equation for the
eigenvectors 

H11 0 H12 0
0 H11 0 H12

H21 0 H22 0
0 H21 0 H22




ρ11
ρ12
ρ21
ρ22

 = E


ρ11
ρ12
ρ21
ρ22

 . (13.47)

Let us write the expression for density matrix in probability representation (13.25), where
p1, p2, p3 are spin projections m = +1/2 on axis x, y, z. Let us rewrite the resulting
matrix equation, which determines the energy levels for the spin s = 1/2 in terms of the
matrix equation for the probability vector

H11 0 H12 0
0 H11 0 H12

H21 0 H22 0
0 H21 0 H22




p3
p1 − 1/2− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2)

1− p3



= E


p3

p1 − 1/2− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2)

1− p3

 . (13.48)
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We have written down the Schrödinger equation for the energy levels of a particle with
spin s = 1/2 and Hamiltonian H, as an equation for the probabilities p1, p2, p3 defining
a quantum state. Introducing the matrix H = H ⊗ 1 as the tensor product of the
Hamiltonian matrix and the identity matrix, as well as the four dimensional probability
vector

|P⟩ =


p3

p1 − 1/2− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2)

1− p3

 , (13.49)

we can write the Schrödinger equation for the energy levels of a qubit in the form

H · |P⟩ = E|P⟩. (13.50)

This form is valid for any values of the energy levels of particles with any spin (qudits)
[57, 58].

13.6 Entropic inequalities

Let us introduce a new entropy for the states of a qubit, characterizing this state, using
the Shannon entropy

H = −p1 ln p1−(1−p1) ln(1−p1)−−p2 ln p2−(1−p2) ln(1−p2)−p3 ln p3−(1−p3) ln(1−p3).
(13.51)

This new entropy characterizes the randomness of the distribution of spin projections
along three mutually perpendicular directions in a given state of a particle with spin
s = 1/2 with density matrix ρ. By measuring the probabilities p1, p2, p3, we can obtain
experimental values of this entropy. The properties of Shannon’s entropy are known, they
are given by inequalities for the relative entropy. Suppose we have given two probability
distributions, similar to (13.30), (13.31), then one has

p1 ln

(
p1
p2

)
+ (1− p1) ln

(
1− p1
1− p2

)
≥ 0. (13.52)

This new relationship can be verified experimentally by measuring the projection of the
spin onto two perpendicular directions. Using these relations, you can write new entropy
equalities and inequalities. Similar entropy inequalities can be obtained for arbitrary
qudits.

13.7 Free motion coherent states in probability
representation

We consider a free particle with mass M = 1 and assume Planck constant ℏ = 1. The
Hamiltonian of the free particle

Ĥ =
p̂2

2
. (13.53)
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This Hamiltonian is limit case of oscillator Hamiltonian for frequency ω − 0. One can
check that there are two integrals of motion in Schrödinger representation [22]

q̂0(t) = q̂ − p̂t, p̂0(t) = p̂, (13.54)

where position and momentum operators q̂ and p̂ satisfy the commutation relation [q̂, p̂] =
i1̂. One can check that the operators (13.54) satisfy the equation for integrals of motion
[22, 59] for free particle

d

dt
q̂0(t) =

∂

∂t
q̂0(t) + i

[
p̂2

2
, q0(t)

]
= 0,

d

dt
p̂0(t) = 0. (13.55)

The nonhermitian operators

Â(t) =
q̂0(t) + ip̂0(t)√

2
, Â†(t) =

q̂0(t)− ip̂0(t)√
2

(13.56)

(annihilation and creation operators) are integrals of motion and they satisfy boson com-
mutation relations

[Â(t), Â†(t)] = 1̂. (13.57)

The standart method to construct coherent states using the operators (13.56) [60, 61] is
to find the ground–like state |0⟩ satisfying the equation

Â|0, t⟩ = 0, (13.58)

which has the normalized wave function in position representation

ψ0(x, t) =
1

(π)1/4
1

1 + it
exp

(
− x2

2(1 + it)

)
. (13.59)

Acting on this function by displacement operator D̂(α) = exp
(
αÂ†(t)− α∗Â(t)

)
. We

obtain coherent states |α, t⟩ satisfying the equation

Â(t)|α, t⟩ = α|α, t⟩. (13.60)

The normalized wave function of the coherent states in position representation reads

ψα(x, t) =
e−

|α|2
2

(π)1/4(1 + it)
exp

(
− x2

2(1 + it)
+

√
2xα

1 + it
+
α2(it− 1)

2(it+ 1)

)
. (13.61)

This function is the Gaussian eigenfunction of the integral of motion Â(t) (13.56) with
complex eigenvalue α.

The symplectic tomogram of the coherent states (13.61) is given by the fractional
Fourier transform of the wave function [62]

wα(X|µ, ν, t) = 1

2π|ν|

∣∣∣∣∫ ψα(y, t) exp

(
iµy2

2ν
− iXy

ν

)
dy

∣∣∣∣2 . (13.62)

The tomogram has the following physical meaning. For µ = 1, ν = 0 the tomographic
probability distribution (13.62) is the probability density of the position X → q for µ = 0,
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ν = 1 the probability distribution is the probability density X → p. The tomogram has
an explicit form

wα(X|µ, ν, t) = 1√
π(µ2 + (ν + µt)2

exp

(
− (X − X̄α)

2

µ2 + (ν + µt)2

)
, (13.63)

where the mean value of quadrature X is

X̄α =
√
2 (µRe(α) + (ν + µt)Im(α)) . (13.64)

This is the Gaussian probability distribution of random position X of free particle which
determines the density matrix and the Wigner function of the coherent state of free
particle

Wα =
1

2π

∫
wα(X|µ, ν, t) exp (i(X − µq − νp)) . (13.65)

The Wigner function is the normal probability distribution of the variables q and p with
(δq)2 = 1

2 (1 + t2), (δp)2 = 1
2 and mean values q̄ = 1√

2
(Re(α) + tIm(α)), p̄ = 1√

2
Im(α).

13.8 Conclusions

To conclude we point out the main results of our work. We constructed the probabil-
ity distribution of the example of quantum inverted oscillator evolution using the initial
state of the oscillator which is the usual coherent state. The obtained probability distri-
bution describing the time-dependent density operator of inverted oscillator is Gaussian
distribution with time-dependent mean value and dispersion. The obtained result can be
extended to the cases of other systems with Hamiltonians described by quadratic forms
of position and momentum operators like systems of charges moving in magnetic fields of
solenoids which we consider in future publication.

Also we demonstrate that the spin–1/2 states can be described by three probabilities
0 ≤ p1, p2, p3 ≤ 1 which are probabilities to have spin projections m = +1/2 onto three
perpendicular directions in the space. These probabilities determine the density matrix
of arbitrary spin–1/2 states both pure and mixed states.

For quantum free particle we constructed the integrals of motion which have the
physical meaning of the initial position and initial momentum in the phase space of mean
values of this observables, determining trajectory of the free particle in the phase space.
Using these integrals of motion we constructed the coherent states of the free particle and
presented the probability distribution of the position of the particle determining the state
Wigner function and density matrix in position representation using Radon transform [63]
of the state tomogram. The state tomogram is explicitly found in the form of the Gaussian
distribution function. The obtained results can be extended to other spin systems and
to other systems with the Hamiltonians quadratic in position and momentum like charge
particle in electric and magnetic field.

We made the review of the new formalism of quantum mechanics, in which the states
of quantum systems are specified by probability distributions, as in classical statistical
physics. In addition, the Schrödinger equation for energy levels was written in the form
of a new equation for the probability. New entropy inequalities were obtained for the
probabilities, which can be experimentally verified in experiments with spin s = 1/2
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particle. The probabilities we have introduced are used in ordinary life as probabilities
that determine the behavior of ordinary coins in the game ”heads-tails”. Speaking about
the basic statement of quantum mechanics, we can, following Einstein, say ”God does
not play dice, God plays with coins.” Due to this approach, about 100 years after the
beginning of the development of quantum mechanics, it was possible to show that its
abstract formulations from the point of view of the usual classical mechanics, including
the concept of the wave function, density matrix, Hilbert space of states, can be explained
intuitively by simple concepts of classical statistical mechanics. Namely, the wave function
and the density operator can be replaced by the old well-known concepts - probability
distributions, and the equations for the wave function and the density matrix can be
replaced by the familiar linear equations for the probability distribution functions.
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