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12.1 Introduction

The paradigmatic case of a two-level fermionic system interacting with a single bosonic
mode, such as the dipole interaction between a two-level atom (qubit) and the Elec-
tromagnetic (EM) field confined in a single-mode cavity, is described by the celebrated
Quantum Rabi Model [IH3] (we set i = 1)

. Q ,

Hp(t) :wdT&+§&Z+gl (a+a') (61 +06-), (12.1)
where G and a' are the cavity annihilation and creation operators and 64 = |e){(g|,
G- = |g){e|, 6. = |e)(e|—|g)(g| are the atomic Pauli operators. |g) (|e)) denotes the atomic

ground (excited) state, w is the cavity frequency, Q is the atomic transition frequency
and ¢g; is the atom—field coupling strength. When one or several system parameters are
modulated externally as X = Xy + ex sin(nt + ¢x) (where Xy is the bare value of X
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in the absence of modulation, ex < Xy is the modulation amplitude, n is the frequency
of perturbation and ¢y is the phase), for certain values of 7 the system can undergo
coherent transitions between the dressed-states (eigenstates of Hr when ex = 0) [47].
In particular, in the dispersive regime (when |w — Q| > ¢14/n for all the populated cavity
Fock states |n)) the system can exhibit the following behaviors:

e Odd-photon exchange transition |g,n) < |e,n — k) (k = 1,3,...) within the re-
duced subspace {|g,n),|e,n)}, n € [Nmin, Pmax], described by the effective Jaynes-
Cummings Hamiltonian with the additional ac Stark shift [6], OHI2]

Hyo < a6y +at*s_ +6,.ata6. . (12.2)

e Odd-photon creation transition |g,n) <> |e,n+ k) (k=1,3,...) within the reduced
subspace {|g,n),le,n)}, m € [Mmin, "max], described by the effective anti-Jaynes-
Cummings Hamiltonian with ac Stark shift [6 QHI2]

k Koy + 0ac0tac, . (12.3)

Hp. o< abo_ +al

e [Even-photon creation transition |g,n) < |g,n £ k) and/or |e,n) < |e,n £ k) (k =
2,4,...) within some reduced subspace {|g,n),|e,n)}, n € [Nmin, "max], described
by the effective k-photon parametric amplification Hamiltonian with the additional
Kerr shift [5] 13} [14]

Hy. po o< @ + at* 4 Sxerr (@a)?. (12.4)

More complex phenomena can be induced by employing multi-level atoms instead of
qubits and/or multi-mode cavities instead of single-mode ones, for example: even-photon
exchange and creation transitions, odd-photon effective parametric amplification, excita-
tion of the atom without changing the photon number, generation of multipartite entan-
gled states, extraction of work from a thermal reservoir, multi-squeezed state generation,
multiphoton bundle emission, etc [6H8] 13}, T5H22].

Since the odd-photon exchange and creation transitions and cause exci-
tation and deexcitation of the qubit for an arbitrary number of photons, the phenomenon
should persist for arbitrary large values of n. In particular, it must hold for the cavity
field in the large-amplitude coherent state |a) with « > 1 (without loss of generality we
assume that « is real). In this case, the depletion of the intensity of the cavity field is
negligible and one can treat it as classical. To obtain the semiclassical Hamiltonian we can
first go to the interaction picture with respect to the cavity field, so the interaction-picture

Hamiltonian (12.1]) reads

Q . .
Hi(t) = 50+ 0 (ae™ ™ +ale™) (64 +6_) . (12.5)
Now, assuming that changes in the cavity field state are negligible (i. e., for o > 1), one
can approximate the dynamics by imposing that the EM field remains in the same state
|a) throughout the evolution. Evaluating the partial trace over the cavity field, one gets
the atomic Hamiltonian [23], 24]

() = T [ladalii0)] = So. +ga (e + ™) (64 +5)

Q
= E&Z +2gcoswt (64 +6_), (12.6)
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where we defined the semiclassical coupling constant g = gya. A more rigorous description
of how the semiclassical Rabi model emerges from the quantum one can be found in [25].

Eq. is precisely the Hamiltonian used originally by Rabi and later by Bloch
and others to describe the matter interaction with classical EM fields [26H28]. Thus, the
excitation of the two-level system by a far detuned laser field of frequency w (i. e., for
|w — Q] > g) due to resonant modulation of Q or/and g must be hidden in this simple,
almost ninety years old Hamiltonian [2]. In this chapter we confirm this hint and present
a detailed step by step derivation of the system dynamics in the presence of Markovian
dissipation and harmonic modulation of the atomic transition frequency 2. In particular,
we calculate the resonant frequencies and the associated transition rates for the 1-, 3- and
5-photon transitions.

12.2 Dressed-states expansion

We consider the dissipative two-level system (qubit) interacting with a classical EM field
via the dipole interaction [23H25] [29]. Assuming the standard Markovian damping and
dephasing of the qubit due to thermal reservoirs, the system dynamics is governed by the
“standard” master equation [35, [36] (recalling that i = 1)

D= i[A6).P] 47 0upe 1) (127

+% (ne+1)(26-p64 —646-p—po4.6-) + %nt (2604p6- —6-61p—po-64),

where p is the density operator and the time-dependent Hamiltonian is

FAI(t) _ Qo +25f(t)

G, +2gcoswt (64 +6_) . (12.8)
In Eq. Qo is the bare atomic frequency, € < Qg is the modulation depth, f(¢) =
sin it is the externally prescribed modulation with the modulation frequency n > 0, g > 0
is the semiclassical light-matter coupling constant, w is the laser frequency, 7 is the
damping rate, 7y, is the pure dephasing rate and n; = [ehQO/kBT — 1]71 is the average
thermal photon number for the reservoir’s temperature 7. Our goal is to present a simple
analytic method for obtaining closed approximate expressions for the density matrix p
in the dispersive regime (Jw — Qo| > g) when the modulation frequency n matches the
resonance conditions. Analytic approaches for the semiclassical Rabi model in other
scenarios can be found in [29H34] and references therein.
First we perform the unitary transformation

p=UpUf , U = exp (—“;ta) (12.9)
to obtain the master equation for p,
O = i (g — i)~ Bfa g (6 4 ey ,m] e
gy (10 + 1) (20 1oy — 646y — pr646-)

ot (2416 = GG py — nG-64) | (12.10)
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where we defined the effective Hamiltonian

N A_
Hef :_762 +g(&++&*)_27¢/2 (12]‘1)

and the laser-qubit detuning
A_=w—-Q. (12.12)

Our method is based on the expansion of the density matrix in terms of the orthonormal
eigenstates (dressed-states) of H.y, which read

R
\¢+>:i+'9;;9'6> ey =
+

+A_
R= /A% +44% | RiERT. (12.14)

The corresponding eigenvalues of H, y are

, (12.13)

where

R
By =+ ;12
+ 2 '

The next step is to expand the density operator as

pro= e T [AW) ] )]+ (€7 — A1) o) (o
+e RO (2) o, ) (o | + RO () [0 ) (4] (12.15)
where A and C are time-dependent coefficients whose analytic expressions are the main

goal of this work. Once they are found, the atomic excitation probability and the average
value of ¢_, which also fully characterize the system dynamics, are determined from

g2 e_t'7<7> )
P, =Tr[ple){e]] = R R [A_A+2gRe (e " C)] . (12.16)
e—iwte—t7¢, ] )
(o) =Tr[po-] = —F—[9(2A—€") + R_e¢ "0 — Ry eMECY] . (12.17)

For future use, we also write down the relation among A and C implied by the condition
Tr [p?] < 1:
C(1)]> < At) (e — A1) (12.18)
So far all the equations were exact. But from now on we assume the realistic case of
weak dissipation and large detuning
A2
<& Approximation 1: g < [A_[jw ; 747 +1) < —,w. (12.19)
g

From (|12.10) we obtain the approximate equations governing the evolution of A and C
Am il [Mem "0 —ce] +T1A+ Le (12.20)

C~-TyC + % [(efA- — 4g° cos2wt) C + gMFe™ (24 — '79)] (12.21)



Semiclassical Rabi model under parametric modulation 199

where c.c. denotes the complex conjugate and we defined

M.=R_e " _cf — R "  My= M._ (12.22)
Iy =, (1-8¢%) -2y (m + ;) (1-2¢%) (12.23)
Ty =1, (1-4¢%) +v (nt + ;) (1+2¢%) (12.24)

Iy=T,+Ty = [2% — (nt + ;)} (1-6¢%) (12.25)

Iy=T1-7v, , Is=Ts+7, (12.26)
L=4Cy4+7 (nt + H2D> (1-2¢%) (12.27)
(= % , D=sign(A_)=+1. (12.28)

12.3 First transformation

In our quest for a closed analytic solution, first we define

* 1°% Transformation: A (t) = Ay (t) e | C (t) = Oy (t) " TW, (t) Wo (t) e 2 |

(12.29)
where A; (0) = A(0), C1 (0) = C(0) and
W1 (t) = exp [—iq cosnt] (12.30)
Wa(t) = exp [—iga cos (2wt — 7/2)] (12.31)
eA_ 24>
= — = —. 12.32
1= R 2= R (12.32)
Now we use the Jacobi-Anger expansion
eiZcosG =Jo (Z) + Z ime (Z) (eme + e—me) , (12.33)
m=1

where J,, (Z) is the Bessel function of the first kind. For the additional approximation
<& Approximation 2: & < 7 (12.34)

we obtain the equations

Ay = ie*tm% {[(Too — 2hy) My — e fWy W] Chette R — c.c.} + Le™™+  (12.35)

¢ = i%e*iqe“R (Tlgo — 2h}) M7 (24,€Ts — ¢T5) (12.36)

with the short-hand notations
I = Ji (q) J; (q2) (12.37)
hy = il sin 2wt + 1119 cos nt + 21111 sin 2wt cos nt . (12.38)

We note that in this work we do not take into account the terms proportional to J,, (¢q)
and J,, (g2) with m > 1 in the expansion ((12.33)), although they can be taken into account
in a straightforward (but cumbersome) manner.
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12.4 Second auxiliary transformation

To solve ([12.35)) — (12.36)) it is convenient to make an additional auxiliary transformation,
which will be crucial for proposing the definitive ansatz in the next section. The trick is
to solve the auxiliary equations

A = z'e_tr’ngoo [MoClelqe_”R — c.c.] (12.39)

) I o
Oy = ig%e”qe“RMg (24,3 — Ts) (12.40)

obtained from (|12.35) — (12.36| by setting formally f = h; = L = 0. Since in the

dispersive regime we have

R~D(A_+20_) , (12.41)
where
g2
o =" 12.42
A (12.42)
is the standard dispersive shift, Eqgs. (12.39)) - (12.40) become
Ay~ —e T8 [GeitYC'l + c.c.} (12.43)
Cr = Gre ™Y (24T — €'T9) (12.44)
with
G = Digllppe’? , Y =D (2w —DR) . (12.45)

Now we do the second transformation by defining

* 284 auxiliary Transformation: A (t) = Ay (t) e~ T3/2, €} (t) = Cy (1) 3/2
(12.46)
where Ay and Cj are time-dependent functions obeying the initial conditions Ay (0) =

A (0) and Cs (0) = C'(0). After substituting (12.46)) into (12.43)) - (12.44]) we obtain

Ay~ — (Ge™ Cy + c.c.) +T345/2 (12.47)
Co = Gre ™Y (245 — €'%) —T3Cy/2 , (12.48)
where
1\ /3
z=T5-T3/2=1, (1+2C2)+7<nt+2> (2—¢2>. (12.49)

Deriving Cs once more with time we get

Co+iYCy + [iyrg /242 (|G|2 12 /8)] Oy + 2G%e~21tY 03 ~ <F3 - z> Gret==iY) |

2
(12.50)

where
(1;3 - z> = —748¢% — 2v (m + ;) (1-2¢%) . (12.51)
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Now we perform the most important physical assumption in our deduction — the coarse-
grained approzimation, which requires that the rate of change of Cy (and therefore of C1)
is much smaller than w:

<& Approximation 3:  rate of change of (7 < w. (12.52)

So instead of studying the instantaneous dynamics, we focus on the blurred (coarse-
grained) evolution averaged over the time-scale 27/Y".
Averaging both sides of (12.50) over one characteristic period Ty = 27Y ~! we get

3 /tm At |Gy +i¥ Gy 4 [i¥Ts /242 (|G - T3/8) | Oy + 2677 5
y Ji

1 (T3 Ty s
~ — < - z> / dt'G*et =) (12.53)
T, \ 2 ]

Since Cy and its first two derivatives are assumed to remain nearly constant on the
timescale Ty, we obtain

Gy + Y Cy + [iyrg/z 42 <|G\2 - Fg/gﬂ Oy~ seet 1Y) (12.54)
where
Y e27rz/Y -1 g
— G* (T2 — :(’)(F 2222 . 12.55
#= G T82=2) (Ts/2-2)22) (12.55)
The particular solution of ((12.54)) is
olpert) — i etz=iY) (12.56)

2 +i(Tg/2—2)Y +2 (|G|2 - F§/8)
The homogeneous solution can be found trivially, so the general solution of (12.54)) reads
Cy = CF*™ + Cy e+ + Cy et~ | (12.57)

where

—Y £ (Y +i0s)? 481G
Now we must choose the solution that fulfills the requirement (12.52). This implies

neglecting the terms oscillating with frequencies ~ Y and keep only the slowly oscillating
terms. Therefore, we obtain

(12.58)

Cy ~ C(0) P+ e=ts/2 o ) = C(0) P+ | (12.59)
where for |Y| > |G|,T's we have an additional Bloch-Siegert shift
G’ GI

(5 = ~ .

(12.60)
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Figure 12.1: Comparison of numeric (black curves) and analytic (red curves) solutions for A;
and C1, considering the initial conditions A (0) = C' (0) = 1/2 and parameters: g = 5 x 10w,
v=2x10"%w, Vo = 1078w, ny = 0.5, e = 1072Qp . a) Atomic frequency Qo = 0.5w (D = +1).
b) Atomic frequency Qo = 2w (D = —1). No discrepancies can be observed within the widths of
the curves.

From ((12.47) we find
Ay — EAQ ~ (C 0) Gett(Y +D26, +il3/2) 4 v (0) G*e—it(Y+D26+—iF3/2)) . (12:61)
2

Using the approximate solution (12.59) we find immediately

it (Y +D25 4 +iT3) _ q e~ tVAP25 =) — 10 ip

Ay = A®0)+i -6 3

2 { (0)+l[C(O)G Y + D25, + il ¢ Y + D26, — il }}e
(12.62)
hence
igHooeiq
A = A 21
1 (0) + 21m (C (0) (2w + 25+ _ DR) + iDF?))
G .

o " it(Y+D284) T 12.

m (C O ¥ Do, v ° ‘ 1269

To test the validity of our approximations, in Figure [[2.3] we solved numerically the
complete equations (12.39)) - (12.40) and compared the results to the approximate solu-
tions 1|12.59|) and (|12.63]). For the sake of illustration, we considered the initial conditions
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A(0)=C(0 ) =1/2 [satisfying the inequality ((12.18 m and parameters: g =5x 1073w
v =2x10"%w, v, = 108w, n, = 0.5, ¢ = 1072Q, Qp = 0.5w panel , D= +1)
and Qp = 2w (panel-b D = —1). We see an excellent agreement: the exact numerical
results (black curves) are indistinguishable from the approximate analytic results (red
curves) within the widths of the lines. Since the rapidly oscillating term in is
small due to the assumption , we perform an additional approximation

<& Approximation 4:  rate of change of 4] K w (12.64)

that allows us to neglect the third term on the RHS of (12.63)) by averaging A; over the
time interval Ty; we also neglect the second term, since it is of the order ~ gC (0) /w.
Therefore, under the coarse-grained approximations both for A; and C4, combined with

the assumptions ((12.19)) and (12.34)), the solution of equations (|12.39)) - (12.40)) is
Aty =A0) , Ci(t)=C(0)e*P2+ (12.65)

The analysis made in this section also makes clear that whenever one neglects com-

pletely the “rapidly oscillating terms” in equations of the type (12.39)) - (12.40)), setting
the RHS formally to zero, one ends up missing a small frequency shift (of the order of 6.)

in the phase of the coefficient C (therefore, committing a small error in the prediction of
resonant modulation frequencies) [4]. This can be seen from the solution (12.65]), whose
RHS is zero only if one neglects the frequency shift D26 .

12.5 Third transformation

Now we make the third and final transformation

* 3" Transformation: Ay (t) = Az (t) , Cy (t) = Cs (t) P20+ | (12.66)

where the unknown functions As (t) and Cs (t) have rates of change small compared to w
(due to the coarse-grained approximation of the previous section), and satisfy the initial
conditions Az (0) = A (0) and C3 (0) = C (0) e~ . By substituting (12.66)) into equations

([12.35)(12-36), the terms contained on the RHS of the equations (12.39) — (12-40) are

automatically eliminated and one is left with the equations

Ay ~ —zE {(Efﬂoo + 2M_hy) e~ ME=2DI1) 0y c.c.] e~ s 4 [e~tl (12.67)

Cs ~ —i% (efMoo + 2M_hy)* M (B=2P04) [2Aze!Ts — !Ts] (12.68)

Our method is self-consistent provided Az and C5 vary slowly with time, which can
only occur for a discrete set of resonant modulation frequencies for which the RHS of
- contain slowly oscillating terms (whence all the rapidly oscillating terms
can be neglected at the cost of introducing small uncertainties in the analytic prediction
of the resonant frequencies).

12.6 1-, 3- and 5-photon resonances

By neglecting the rapidly oscillating terms, after lengthy but straightforward calculations
one obtains the general equations
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Ay = Xn, [eitsn(w"fn)CB + C.C.} e s 4 [e~tT (12.69)

(s = —y, e tSn(@n=n) [2A45¢% — e!To] (12.70)

where x,, (a real function) and w, are the transition rate and the resonant frequency
associated with the n-th allowed transition, respectively, while S,,= =1 is some unimpor-
tant sign typical of each resonance. Considering only the linear terms in the modulation
depth ¢, the five strongest transitions are:

e [-photon exchange transition: quantum mechanically, this corresponds to the Jaynes-
Cummings transition described by the effective interaction Hamiltonian afé_ + h.c.

gelloo
= — 12.71
Xl,e 2R ( 7 )
S = -1
Wle = R — 2D6+ .

e [-photon creation transition: corresponds to the anti-Jaynes-Cummings transition
described by the effective interaction Hamiltonian a'é, + h.c.

g 11
Xie = ~p (DRDH10+€201> (12.72)
Si. = D
@ie = 2w+20, —DR~w+Q—2(0_ —6,) .

e 3-photon exchange transition: corresponds to the 3-photon Jaynes-Cummings tran-
sition described by the effective interaction Hamiltonian af36_ + h.c.

II
Xs. = 2 <DR_DH10 ng°1> (12.73)
’ R 2
S3e = —DyD, Dy=sign(2w—204 — R)
W3e = ‘2&1—2(5++’DR| ~ |30J—Qo+2((5_ —(5+)| .

This effect was also called ” Anti-dynamical Casimir effect” in [5], since it can lead
to coherent annihilation of excitations from the initial thermal state of the cavity
field [T, 17, 18, 2T, 22} B7].

e 3-photon creation transition: corresponds to the 3-photon anti-Jaynes-Cummings
transition described by the effective interaction Hamiltonian 36, + h.c.

RplIl
X3,c = QDTH + (corr.) (12.74)
S3,c = D
w3, = 4w—+204 —DR~3w+Q—2(0_ —04),

where (corr.) denote additional terms proportional to the Bessel functions J3 (q)
and Jz (¢q2)-
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e 5-photon exchange transition: corresponds to the 5-photon Jaynes-Cummings tran-
sition described by the effective interaction Hamiltonian at®6_ + h.c.

gR_plly

Xs.e = R + (corr.) (12.75)
Ss. = —D4D, Dy=sign (4w —20, — R)
Ws5,e — \4w—25+ +DR| ~ |5W—Qo+2((§, —5+)| N

where (corr.) denote additional terms proportional to J2 (¢) and Ja (¢2).

In a similar manner one can deduce the resonant frequencies and transition rates for
higher-order (odd-photon) exchange and creation transitions, as well as the fractional
resonant frequencies @, /k due to the nonlinear terms ¥, where k is an integer [38].

10° le
10*
10°
10°
107 3e
10°® -

10°

1,c
3,Cc
10-10
0™t
10™ 5.e
— 1 r 1 r T T T T
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X,/

1013 :
0.

T T T T T T 1 T T
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Qoloo

6 - 3,C

TAVAY,

05 10 15 20 25 30 35 40 45 50
Q /w

Figure 12.2: Analytic results for the transition rates and resonant modulation frequencies for 1-,
3- and 5-photon exchange and creation transitions. Parameters: g = 102w and € = 1072.

In Figure we illustrate the behavior of |x,,| and w,, [ignoring the terms (corr.)
for x5 . and x; ., therefore evaluating only the order of magnitude of the associated
transition rates] as function of g for the five transition discussed above and parameters
g = 1072w and ¢ = 10720 in the region of validity of our approximations (¢ < 1 and
|[A_| > g). Although higher-order resonances are theoretically possible (e. g., 5-photon
creation transition or 7-photon resonances) this figure shows that the associated transition
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rates would be prohibitively small for the experimental verification, unless g becomes of
the order of w.

12.6.1 Linewidth of the resonances

To determine the linewidth of the m-th resonance one can neglect the dissipation and
solve the equations

Ag = X, (eitsn(wﬂ—n)cs + c.c.) (12.76)
Cs = —x, (243 — 1) e7#Sn (@) (12.77)

For the initial condition C (0) = A (0) = 0 (i.e., the initial state |¢_){¢_|) we obtain for
the probability of the orthogonal state |¢, )

2
Ax2 t\/ wn —n)" +4X3
An ain [ 1V ) . (12.78)
(n—@n)” + 43 2

Az (t) =

Therefore, the maximum value of Aj is given by the Lorentzian distribution strongly
dependent on the modulation frequency 7

max _ ]' _ 1 fOY = "wn
Ag(n) = — { Lfor = £ 2%, (12.79)
1+ ( 2Xnn)

So the half width at half maximum (HWHM) of the resonance is 2|x,,|, where x,, is
the transition rate at the exact resonance 7 = w, [when Az (t) = sin®(|x,|t)]. This
means that to observe experimentally such transition one needs to adjust the modulation
frequency with accuracy < 2|x,,| around the resonant frequency w, and maintain the
harmonic modulation during the time interval |y,, |t ~ 7/2. Besides, the dissipation rates
must be small compared to the transition rate: v,7v, < [X,|-

We emphasize one more time that the deduced resonant modulation frequencies o,
possess small errors due to the neglected rapidly oscillating terms, because every time
one neglects terms of the form ae” on the RHS of a differential equation, an error
~ \04|2 /B % t is introduced to the phase of some probability amplitude [see Eq. ]
But it is usually simpler to find such minor frequency shifts numerically rather than taking
into account all the neglected rapidly oscillating terms.

12.6.2 Analytic results for the dynamics

For the experimental verification of the n-th transition the optimal scenario is the exact
resonance, n = w,. Noting that x,, is real, one is left with the equations

Az = x,205e s - Le s (12.80)

Ch = —x, [245€™3 — €] | (12.81)

where C} (t) = Re [C5 (t)] and C% (t) = Im [C5 (t)]. From the initial conditions (12.66]) we
have
C5(0)=C(0)cosq , Ci(t)=—C(0)sing. (12.82)
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After simplifications, the second-order differential equation for C§ becomes

Cy —T3C% +4x205 = —x,7D (1 — 2¢%) ' . (12.83)
Its exact solution is

C% (t) = 01+ 4+ Oqe™ = + 03e' | (12.84)

where 9y A(0)— (Ts —T_)O5 —T_C (0
OIZXn_ Xn ( )_( 5 —) 3~ — ( )COSq (1285)

Fg - (4Xn)2
Dy (1 —2¢2

04 7 (1-2C) (12.87)

X [als — 4x2

'3+ 4/T3 — (4x,,)° (12.85)

2

'y =

Finally, integrating (12.80) we find

—tly _
As(t) = A(0) 11
Iy

et(r+—r3) -1 et(F,—Fg) -1 e—tF4 -1
[, —Is O r_-Ty  ° 1y
(12.89)
The Figure [12.3| shows the typical behavior of e=*7¢C'(t) and e~*¢ A (t) [which char-
acterize the system dynamics, see Eq. } according to the analytic solutions ,
(12.84) and (12.89) combined with the transformations and ([12.29). We consid-
ered the initial conditions A (0) = C (0) = 0 and the parameters g = 10~%w, Qp = 1.5w,
ny = 0.5, ¢ = 1072Qg and 1 = 2w — DR + 26, [corresponding to the 1-photon creation
transition, Eq. ], corresponding to the transition rate is [x; .| ~ 3 x 10~%w. In
the panel the dissipation rates were v = 2 x 107%w, 7, = 10~*w (larger than
IX1.c1); while in the panel v =2x10"%), 74 = 107% (smaller than |x, [). We
see that when the transition rate is larger than the dissipative rates the atomic popu-
lation undergoes damped oscillations; otherwise, the atomic population attains steadily
the asymptotic value. For other transitions the behavior is qualitatively similar, since all
that matters is the ratio between the transition rate y,, and the dissipative rates.

12.7 Conclusions

In this chapter we presented a simple analytic method for deriving the approzimate coarse-
grained dynamics of the semiclassical Rabi model in the presence of Markovian dissipation,
when the atomic transition frequency is modulated harmonically by an external agent. We
expounded the step by step derivation, so our approach can be easily generalized to include
the modulation of other (or multiple) system parameters, nonharmonic perturbations,
other dissipative kernels, etc. Closed analytic expressions were obtained for the density
operator expanded in the dressed-states basis, confirming the existence of a discrete set
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Figure 12.3: Analytic results for the probabilities Ae *7¢ and Ce "¢ of the density operator
(12.15)) for different dissipative rates. In the panel a (b) the dissipative rates are larger (smaller)
than the transition rate. See the text for the numerical values of the parameters.

of resonant modulation frequencies for which the atom can be excited from the ground
state by a far-detuned classical laser field. Such frequencies are easily explained as k-
photon Jaynes-Cummings or Anti-Jaynes Cummings transitions in the context of the
fully quantum formalism, where k is an odd integer, and the associated transition rates
(proportional to the linewidths of the resonances) were derived for £ = 1, 3,5. Our results
show that unless g is of the order of w, at most 3-photon transitions seem to be within
experimental reach.
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