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11.1 Introduction

In non-equilibrium classical and quantum thermodynamics entropy production is a basic
concept, closely related to the second law of thermodynamics. It enables to identify and
quantify the irreversibility of physical processes, described by the generation of entropy
and dissipation of heat into the environment of the systems [IHI0]. The entropy change
AS of the state of a system that exchanges energy during its interaction with a thermal
bath at temperature T has a lower bound, given by the second law of thermodynamics:
0Q
AS > | =, 11.1
>[5 (11.1)
where 0Q) is the infinitesimal heat absorbed by the system. The strict inequality is char-
acteristic for irreversible processes during which the energy is dissipated into the thermal
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reservoir in the form of heat [II]. At the same time, in addition to the entropy that
flows from the system to the reservoir, some entropy, called entropy production, can be
intrinsically generated in the system. According to the second law of thermodynamics the
entropy production is non-negative, taking a zero value only if the system is in thermal
equilibrium with its reservoir. Consequently, entropy production is used as a measure
of the degree of irreversibility and to characterise the non-equilibrium phenomena. The
entropy production Y is defined as

ZEAS—/%ZO. (11.2)

From Eq. (11.2)) one can obtain the following relation [6l [12]:

ds =TI(t) — ®(t), (11.3)
dt

where TI(t) denotes the irreversible entropy production rate and ®(t) the entropy flux
from the system into the thermal reservoir. If the system is in a stationary state, these
two quantities have strictly positive and equal values, while when both of them are zero,
then it is reached the thermal equilibrium. For an open system the entropy does not
satisfy a continuity equation, therefore entropy production is not a physical observable,
so that, in general, it is not directly accessible.

In the last years a large interest was directed to the study of the properties of entropies
of quantum states and of the thermodynamic implications of quantum features, including
the understanding of the role, properties and evolution of entropy production in stochastic
thermodynamics and in relation to the theory of open quantum systems [SHI0, [13HI6].

For a Markovian dynamics of open quantum systems, described by a quantum dy-
namical semigroup, the information flows monotonically from the system to the thermal
reservoir and the entropy production is non-negative. There are models in which it is
noticed a backflow of information from the reservoir to the system, and this behaviour is
interpreted as a signature of non-Markovianity. There could be intervals of time during
which the entropy production takes negative values, nevertheless it is accepted that this
fact should not be considered as a violation of the second law of thermodynamics [17],
but it can be interpreted as a backflow of information generated by the quantum non-
Markovianity, meaning that the system retrieves some of the information that it has lost
previously during its interaction with the reservoir.

In Refs. [I5, [I6] it was investigated the irreversibility generated in the stationary
state of a system consisting of two linearly interacting quantum oscillators, each interact-
ing with a local reservoir. It was also analyzed the behaviour of the entropy production
rate by considering the non-Markovian Brownian motion in the case of an uncoupled
bipartite system interacting with two independent baths, and it was established a con-
nection between the entropy production rate and the quantum correlations present in the
system. In the previous work [I8] we used the formalism of the theory of open quan-
tum systems based on completely positive dynamical semigroups [19] and investigated
the dynamics of the rate of irreversible entropy production in a system consisting of two
coupled non-resonant bosonic modes immersed in a common thermal environment. By
extending the study performed in Refs. [I5] [16], we described the behaviour of the the
rate of entropy production for the initial state of the system, its evolution in time, and
for the non-equilibrium stationary state of the considered system.
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In the present work, by considering the same system consisting of two coupled non-
resonant bosonic modes embedded in a common thermal environment, we enlarge the
approach used in Ref. [I8]. Specifically, since the correlations existing in a bipartite
system are determined by its entropy, and therefore the dynamics of correlations is related
to a production of entropy, we provide a description of these two fundamental quantum
characteristics, namely we compare the behaviour of the entropy production rate with
that one of Rényi-2 mutual information and of entanglement [20H24], relatively to their
evolution with time and in the stationary state.

The paper is organised as follows. In Sec. 2 we write the Markovian master equation
for the density operator of the open system interacting with a general environment and
solve the Lyapunov evolution equation for the covariance matrix of the state of the bi-
modal bosonic system. In Sec. 3 we introduce the entropy production rate for Gaussian
states and in Sec. 4 the Gaussian quantum correlations. In Sec. 5 we describe the dynam-
ics of the entropy production rate and make a comparison between the behaviour of the
entropy production rate and the correlations present in the considered system. Finally,
we summarise the obtained results and present the conclusions in Sec. 6.

11.2 Master equation for two bosonic modes
interacting with the environment

We consider a system consisting of two coupled bosonic modes (harmonic oscillators) in
weak interaction with a thermal environment. In order to study its dynamics we use
the formalism based on completely positive quantum dynamical semigroups, in which
the Markovian irreversible time evolution of an open system is described by the Gorini-
Kossakowski-Sudarshan-Lindblad master equation for the density operator p(t) [19, 25
21):

dp(t) i

OO — 1, p)] + o (B0] - (o0) BB}, (114

where H is the Hamiltonian of the open system and the operators BpB}, which are
defined on the Hilbert space of H, describe the interaction of the system with the envi-
ronment.

The Hamiltonian of two linearly coupled in coordinates bosonic modes of frequencies
w1 and wsy is

fws

hw
H = =@ +p2) + =

5 (v° +p)) + qzy, (11.5)

where z,¥,p,,py are the dimensionless position and, respectively, momentum operators
of the two modes and ¢ is the coupling. The operators B; are taken as polynomials of
first degree in these canonical operators, and by choosing initial Gaussian states, then
the linear character of the dynamics assures the preservation of the Gaussianity in time
[28,129]. We denote by R = {x, p,,y,p,}" the vector of canonically conjugated quadrature
operators of the two bosonic modes and by ¢ the 4 x 4 bimodal covariance matrix, whose
elements are given by the second statistical moments of the quadrature operators:

0ij :TI'[(RIRJ +RJR2)p},Z,j = 1,...,4, (116)
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which fully characterise any Gaussian state of a bimodal system. We neglect here the
first moments, since they can be made zero by performing suitable local displacements in
the phase space.

The time evolution of the covariance matrix o(t) is described by the following Lya-
punov equation [27]:

dizf:t) — Ao(t) + o(t) AT + D, (11.7)
A w 0 0
—w1 —A  —q 0

0 0 —-A wo ’
—q 0 —ws —A\

A= (11.8)

where A is the drift matrix, D is the diffusion matrix and A is the dissipation parameter.
The diffusion matrix takes the following form [19, 27] (we set h = 1):

D = 2 diag{\ coth k: )\coth 2k:BT ,Acoth —— 2k T , Acoth m (11.9)

where kg is the Boltzmann constant and T is the temperature of the thermal bath.
The time-dependent solution of Eq. (11.7) is [27]

o(t) = Mt)[o(0) — o] MT(t) + o, (11.10)

where M (t) = exp(At).
The evolution due to the Gaussian completely positive map is determined by the two
4 x 4 matrices M and Y = o, — Mo M7, which satisfy Y +iQ > iMQM™, where € is
. . 1
the symplectic matrix = @? < Pl 0
The unitary evolution generated by the Hamiltonian (11.5) does not commute with
the dynamics generated by the interaction of the system with the thermal bath, therefore
the coupling between the two bosonic modes influences the irreversibility. The considered
open system evolves in the limit of large times to a non-equilibrium steady state, deter-
mined by the stationary covariance matrix o4 that can be obtained by putting do (t) =0

in Eq. (IL7);

Aoy + 0, AT = —D. (11.11)

The matrices A and D can be considered the drift and diffusion matrices of a quantum
system if and only if D4+iAQT —iQAT > 0, which is derived using the uncertainty principle
[30]. If the condition A+ AT < 0 is satisfied, then the system is stable, i.e. it admits a
steady state.

The considered model is analytically solvable and the covariance matrix o(t) depends
on the chosen initial state, the parameters of the system and the environment, and on
the coupling between the two modes. In the case of non-coupled bosonic modes (¢ = 0),
the diffusion matrix leads to an asymptotic Gibbs state describing a thermal equilibrium
with the reservoir [19] 24]. However, if the modes are coupled, then the stationary state
is not anymore a product state, and in the simple case of resonant (w; = we = w) modes
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its covariance matrix is given by (we set kg = 1)

coth (%)
202 — ¢?w? APw —qwL —\gL
y 2w 2L% + 2(\? — 2w?) —M\L qw(L — ¢?)
—qwlL —AgL 2L2 — ¢%w? APw ’
—AqL qw(L — ¢%) APw 202 + ¢?(\* — 2w?)

where L = w? + \*. If ¢ = 0, then Eq. (11.12) becomes o (c0) = coth (£%) I.

11.3 Entropy production for Gaussian states

Since the dynamics of open quantum systems determined by the master equation
can be expressed in terms of the Fokker-Plank equation for the Wigner distribution func-
tion, it is reasonable to describe the behaviour of the entropy production by employing
a corresponding approach, based on the phase space formalism [6] [3T], 32]. Therefore, we
define the Wigner entropy production rate [12] by

TI(t) = —0,K (W (1)||Wy), (11.13)

where K (W (t)||Ws) denotes the Wigner relative entropy, W (t) is the time-dependent
Wigner function and W is the Wigner function of the stationary state.

By introducing the symplectic matrix representing the time reversal operator £ =
diag(1,—1,1,—1), we split the dynamical variables according to their time symmetry.
Correspondingly, the drift matrix A (11.8)) is divided into the irreversible component A,
given by A" = % (A + EAET), and the reversible component A™Y = % (A — EAET):

AT = diag (=X, =\, =\, =), (11.14)

0 w O 0

rev —w 0o - 0
Y Oq o (11.15)
—q 0 —wy O

Then we obtain the following expression for the entropy production rate II(¢) [6] [15]
16]:
1

(t) = S Trlo ™! (#) D] + 2Te{A™] + 2T (A™) "D~ AT (1)) (11.16)

In particular, if the system is in the non-equilibrium stationary state og, then the

expression ([11.16) becomes [15]

I, = Tr[A™] 4 2Tr[(A™) " D™t Ao ). (11.17)
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11.4 Gaussian quantum correlations

For a two-mode continuous variable system, a Gaussian state p is described by the positive
Wigner distribution in phase space [33]:

W,(R) = exp(—R"0"'R), (11.18)

1
m2v/det o
where R € R* and o is the covariance matrix of the Gaussian state. The standard way
to quantify entropy is by using the von Neumann entropy. However, one can obtain
an alternative quantifier of the quantum information contained in a Gaussian state, by

employing the Shannon entropy of the Wigner function (11.18)):
1
Ss(p) = 5 In(det o) +2(1 + Inm). (11.19)

In quantum information theory it was introduced the following family of additive en-
tropies, called Rényi-« entropies:

Sa(p) = (1 — ) In(Trp%), a >0, (11.20)

which are widely used to study the quantum correlations in multipartite systems. For

Gaussian states the expression in ([11.19) coincides, up to an additive constant, with the
11.20

Rényi entropy of order 2, given by Eq. (11.20) for & = 2. In the limit & = 1 the expression
in becomes the von Neumann entropy Si(p) = —Tr(pln p), while for o = 2 the
Rényi entropy becomes Sa(p) = — In(Tr p?), that is related to the purity of the state p.
For Gaussian states, using Eq. (11.18), the Rényi-2 entropy becomes [34]:

Sa(p) = %ln(deta), (11.21)

which gives 0 for pure states (det ¢ = 1) and increases with the mixedness of the state. By
comparing this expression with Eq. , we indeed notice that Rényi and Shannon
entropy coincide, up to an additive constant. Rényi-2 entropy has all the properties
required for a legitimate measure of entropy, including the strong subadditivity [34].

11.4.1 Rényi-2 mutual information

For a bipartite Gaussian state p of a system composed of subsystems A and B, the
Gaussian Rényi-2 mutual information is defined as

Z(pa.p) =S2(pa) +S2(pp) — S2(p), (11.22)

where p, and pp are the two marginals of p. By writing the corresponding two-mode
covariance matrix ¢ in block form, in terms of the covariance matrices of the subsystems:

[ oa oc
o= ( o op ), (11.23)
the expression of the Gaussian Rényi-2 mutual information becomes [34]

1 <detaAdetaB>

Z(pap)=5n deto

5 (11.24)

T (p4.p) takes positive values and it is a measure of the total correlations in the bipartite
state p.
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11.4.2 Quantum entanglement

As a measure of the entanglement we use the logarithmic negativity, given by
L =max{0,—Inv_}, (11.25)

where _ is the smallest symplectic eigenvalue of the partially transposed covariance
matrix, which contains all the required information to quantify the entanglement of two-
mode Gaussian states. It is given by the following expression, in terms of the covariance
matrices [30]:

202 =detos +detop —2detoc — /(detoa +detop — 2deto¢)? — 4deto. (11.26)

11.5 Dynamics of the entropy production rate and
quantum correlations

As stated previously, the degree of irreversibility of the dynamics of an open system can
be evaluated by the entropy production rate of its state. In the following we will de-
scribe the dynamics of the entropy production rate, as a function of the coupling between
the two bosonic modes and the parameters characterising the initial Gaussian state of
the considered system and the thermal reservoir. Likewise, we will describe the evolu-
tion with time of the measures of the mentioned correlations between the two modes,
namely Gaussian Rényi-2 mutual information and logarithmic negativity, as well as their
behaviour in the stationary state, and we will make a comparison with the behaviour of
the entropy production rate.
We consider an initial squeezed thermal state with the covariance matrix given by

a 0 ¢ O
0 a 0 —c

o0 = c 0 b 0 , (11.27)
0 —c 0 b

where
a=2n; cosh?r + 2n9 sinh? r + cosh 2r,

b = 2ny sinh? r 4+ 2ny cosh? r + cosh 2r, (11.28)
¢ = (n1 +ng + 1) sinh 2r,

n1 and ny are the average thermal photon numbers of the modes and r is the squeezing
parameter of the initial state.

11.5.1 Time evolution of the entropy production rate and
Gaussian quantum correlations

In this Subsection we describe the behaviour of the entropy production rate as a function
of time, coupling between the two bosonic modes and the parameters characterising the
initial state of the system and the thermal reservoir. Its general analytical expression is
cumbersome, therefore, we report here only the expression of the entropy production rate
in the case of uncoupled bosonic modes (¢ = 0), for an initial squeezed vacuum state, in
the resonant case (w1 = we = w) [18]:
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— _ —2tA w
() = 4\-1+e ( 1+ cosh 2rtznh 2T) )
+ (e%}‘((—l + e2)(1 + cosh T) + cosh 2r sinh T)) / (11.29)

(62”(—2 + e2) 4+ (2 — 2e¥* 4 e**) cosh % + 2(—1 + e*?*) cosh 2r sinh %)]

(2) (b)

(c) (d)

Figure 11.1: The dependence on time ¢ and squeezing r for non-resonant modes with frequencies
w1 = 1, wg = 1.7 of: entropy production rate for dissipation A = 0.1, uncoupled modes with
g = 0 (a) and coupled modes with ¢ = 0.2 (b); mutual information for ¢ = 0.2 and dissipation
A = 0.1 (¢), and logarithmic negativity for ¢ = 0.4 and dissipation A = 0.2 (d). The initial
state is a symmetric squeezed thermal state with average thermal photon number n = 1 and the
temperature of the thermal bath is 7' = 0.1.
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(c) (d)

Figure 11.2: The dependence on time ¢ and temperature 7' for non-resonant modes with fre-
quencies w1 = 1,wz = 1.7 of: entropy production rate for uncoupled modes with ¢ = 0 (a) and
coupled modes with ¢ = 0.8 (b) for an initial symmetric thermal state (squeezing r = 0) and
average thermal photon number n = 1; mutual information for ¢ = 0.8 (c), and logarithmic
negativity for ¢ = 0.8 (d) for an initial symmetric squeezed thermal state with squeezing r = 1
and average thermal photon number n = 1. The dissipation parameter is A = 0.4.

The evolution with time of the entropy production rate II(t) is illustrated in Fig.
for an initial symmetric squeezed thermal state , as a function of the
squeezing of the initial state, in both cases of (a) uncoupled and (b) coupled non-resonant
bosonic modes. We notice that II(¢) is always positive in the considered Markovian
approximation and it is decreasing in time. At a given moment of time, II(¢) is increasing
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(c) (d)

Figure 11.3: The dependence on time ¢ and dissipation A for an initial coherent state of: entropy
production rate for resonant modes with frequency w = 1 (a) and non-resonant modes with
frequencies w1 = 1,ws = 1.7 (b); mutual information (c), and logarithmic negativity (d), both
for non-resonant modes with frequencies wi = 1,ws = 1.7. The coupling constant is ¢ = 0.1 and
the temperature is 7' = 0.1.

with the squeezing of the initial state.

In Fig. [11.1] (c) and (d) the evolution with time of the mutual information Z(¢) and
logarithmic negativity £(¢) is illustrated, respectively, as a function of the squeezing of
the initial state. We observe that they are also decreasing in time. At a given moment of
time, Z(t) and L(t) are increasing with the squeezing of the initial state, like the entropy
production rate I1(¢). In addition, entanglement manifests the sudden death phenomenon,
that means that its survival time is finite in the case of uncoupled modes and non-zero
temperature. However, if the modes are coupled, then the entanglement can survive in the
asymptotic stationary state for definite values of the coupling between the modes, of their
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(c) (d)

Figure 11.4: The dependence on time ¢ and coupling g between the modes of: entropy production
rate for resonant modes with frequency w = 1 (a) and non-resonant modes with frequencies
w1 = l,wz = 1.7 (b); mutual information (c), and logarithmic negativity (d), both for non-
resonant modes with frequencies wi = 1,w2 = 1.7. The initial state is a symmetric squeezed
thermal state with squeezing » = 1 and average thermal photon number n = 1. The parameters
of the thermal bath are temperature 7' = 0.1 and dissipation A = 0.1.

frequencies, and of the parameters characterising the thermal reservoir — temperature and
dissipation.

The evolution with time of the entropy production rate I1(¢) is illustrated in Fig.
for an initial symmetric thermal state as a function of the temperature of the reservoir, in
both cases of (a) uncoupled and (b) coupled non-resonant bosonic modes. We observe that
TI(¢t) is decreasing by increasing the temperature of the thermal reservoir for relatively
small values of the temperature, while for larger values it is increasing with the tempera-
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0.015'
0.010%
1'0.005*
0909

0.05"

(c) (d)

Figure 11.5: The dependence on time ¢ and coupling ¢ between the modes for an initial coherent
state of: entropy production rate for resonant modes with frequency w = 1 (a) and non-resonant
modes with frequencies w1 = 1,ws = 1.7 (b); mutual information (c¢), and logarithmic negativity
(d), both for non-resonant modes with frequencies w1 = 1,ws = 1.7. The parameters of the
thermal bath are temperature 7' = 0.1 and dissipation A = 0.1.

ture. This behaviour, at a given moment of time, is the result of the competition between
the influences provided by the thermal photon number of the modes and the temperature
of the thermal bath. In Fig. (c) and (d) it is illustrated the evolution with time of
the mutual information Z(¢) and logarithmic negativity £(t), respectively, as a function
of the temperature of the reservoir. We see that they are decreasing by increasing the
temperature of the thermal reservoir. For relatively large values of the temperature one
can notice that the entropy production rate II(¢) has a similar behaviour.

In Fig. we illustrate the evolution with time of the entropy production rate II(¢)
as a function of the dissipation parameter, for an initial coherent state, in the case of both
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(a) resonant and (b) non-resonant modes. One can notice that II(¢) is increasing with the
dissipation rate of the environment, and this behaviour can be interpreted as a signature of
the increase of the degree of irreversibility with the losses generated during the interaction
of the open system with its thermal environment. In Fig. [11.3|(c) and (d) it is presented
the evolution with time of the mutual information Z(¢) and logarithmic negativity £(t),
respectively, as a function of the dissipation rate, for an initial coherent state. We observe
that, in contrast to the entropy production rate II(¢), they are decreasing by increasing
the dissipation rate of the bath. In addition, one can see that Z(¢) and L(t) are zero at
the initial moment of time, and after this moment they have non-zero values, that is we
are witnessing their generation, due to the coupling between the bosonic modes.

The evolution with time of the entropy production rate II(t) as a function of the
coupling between the two bosonic modes, in both cases of resonant and non-resonant
modes, is illustrated in Fig. [11.4] (a), (b) for an initial symmetric squeezed thermal
state and in Fig. [11.5[ (a), (b) for an initial coherent state. For the same initial states,
the evolution with time of mutual information Z(¢) and logarithmic negativity £(t) as a
function of the coupling between the modes is shown in Figs. (c),|11.5/(c), and Figs.
11.4](d),|11.5](d), respectively. We notice that both these correlations are increasing with
the coupling ¢ between the modes, as expected, like the behaviour of TI(t).

The values of the parameters used in the presented plots are chosen in agreement with
the Markovian condition of weak coupling A of the system to the thermal environment and
with the already mentioned condition of stability A + AT < 0. With these assumptions
we observe that II(t) is increasing with the coupling ¢ between the modes. Consequently,
the stronger the coupling between the modes, the more irreversible is the corresponding
stationary process. It follows that the coupling between the modes plays a crucial role
relatively to the entropy production rate in the stationary state. Indeed, for zero coupling
between the modes, the entropy production rate is zero in the stationary state, when the
system is actually in thermal equilibrium with the environment. By contrary, for non-
zero coupling between the modes, II(t) tends asymptotically in time to a non-zero value
in the non-equilibrium stationary state. From the figures presented in this Subsection it
results that, depending on the chosen parameters, the evolution with time is monotonous
and can also manifest oscillations, which are relatively more dense and more intense for
non-resonant modes compared to the resonant case. We observe also that the state of
non-resonant modes has, in general, a larger rate of entropy production, compared to
the resonant case. This behaviour could be interpreted as a result of the breaking of the
symmetry between the two subsystems, which is considered a factor leading to the increase
of the entropy production rate. Likewise, squeezing, which represents a useful resource
in both quantum information and quantum thermodynamics, is intimately related to the
Heisenberg uncertainty principle and, by introducing an asymmetry between the position
and momentum uncertainties, it modifies the energy fluctuations and introduces an extra
increase in entropy and, therefore, the entropy production is also modified [35H39]. The
presented behaviour is the result of the competition between the influences exerted by
the parameters characterising the initial state (thermal photon number and frequency
of the modes) and the thermal reservoir (temperature and dissipation) on the entropy
production rate and quantum correlations.
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Figure 11.6: Dependence on temperature 1" of the reservoir and coupling ¢ between the modes
(left) and dissipation A (right) in the stationary state of: entropy production rate, for A = 0.1
(a) and ¢ = 0.1 (b); mutual information, for A = 0.1 (c) and ¢ = 0.1 (d); logarithmic negativity,
for A =0.3 (e) and ¢ = 0.2 (f). The frequencies of the modes are w1 = 1,ws = 1.7.
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11.5.2 Entropy production rate and Gaussian quantum
correlations in the stationary state

The expression of the entropy production rate in the stationary state has the following
form [18]:

I, = [A\¢*(¢° (wi + 18wiw] + w3 + 100 (W} + w3)) — 16wiw2 (A + w?) (A + w3)

+(162°% 4 200 (W? + w3) + wiwa(—3¢* + dww) (W + W)

+22 (4w — 6¢2wiws + 24wiw3 + 4w}))

X ((coth ;)—71,)2 + (coth ;—;)2) tanh ;)—% tanh ;—;)}

X [2((4)\2 + w?)? + 4¢%wiwa + 2(4X% — W)Wl + wi)

) (A + wiws(wiws — ¢2) + A (w? +wd)] (11.30)

In the resonant case it becomes:

2y (12 2
AN+ w?)
My = . (11.31)
(2 w?)? — g

For the stationary state, in the same case of resonant modes, the mutual information has

the following expression, which does not depend on temperature:

7 1 W= )0 +w@t ) +8¢°(\ — w?) + 160\ +w?)?)
*2 4(g2(N? — w?) +2(\* + w?)2)2 '

(11.32)

We see that the entropy production rate in the stationary state does not depend on
the initial state, as expected. In addition, we notice that in the resonant case Ilg, does not
depend also on the temperature of the thermal bath. The open system consisting of two
resonant bosonic modes has a symmetric configuration, therefore the entropy production
rate of the non-equilibrium stationary state to which it evolves has the minimum possible
value, and this non-equilibrium state is the closest possible to an equilibrium state [15].

In Fig. (a), (b) we illustrate the dependence of II; on the coupling between the
bosonic modes and on the parameters characterising the thermal environment — dissipa-
tion and temperature. We can see that the entropy production rate in the stationary
state is increasing with the coupling between the modes and with the dissipation. We
observe also that in the non-resonant case it slightly increases with the temperature of
the reservoir for relatively small values, and it saturates for larger values of temperature.
If the two modes are uncoupled, then it follows from Eq. that the entropy produc-
tion rate in the stationary state is zero and the system relaxes from the non-equilibrium
stationary state to the equilibrium Gibbs thermal state, in agreement with the previously
obtained results [13] 16}, 40} 41].

The coupling between the modes plays a crucial role relatively not only to the entropy
production rate I, in the stationary state. Indeed, we have seen that, for zero coupling
between the modes, II; = 0 in the stationary state, when the system is actually in ther-
mal equilibrium with the bath. The same is true for both mutual information, which
tends asymptotically to zero in the limit of large times, and also for the quantum entan-
glement, which suddenly vanishes in a finite time during the interaction of the system
with the reservoir, in the case of uncoupled modes and for non-zero temperature of the
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bath. By contrary, for coupled modes entropy production rate and mutual information
tend asymptotically in time to a non-zero value in the non-equilibrium stationary state,
while entanglement survives in the stationary state only for definite values of the coupling
between the modes, temperature and dissipation rate, determined by the competition be-
tween the influences produced by these parameters.

From Fig. [11.6| (¢), (d) we notice that in the non-resonant case the mutual informa-
tion in the stationary state, like the entropy production rate, slightly increases with the
temperature for relatively small values, and it saturates for larger values of temperature.
Concerning the entanglement, from Fig. [11.6] (e), (f) we can see that the logarithmic
negativity is decreasing by increasing the temperature. For a given value of the cou-
pling between the modes, entanglement survives in the stationary state only for values of
temperature smaller than a definite value, while for larger values of the temperature the
entanglement is completely lost. Like the entropy production rate, mutual information
and the logarithmic negativity in the stationary state are increasing with the coupling
between the modes, as illustrated in Fig. m (c), (e). We can say that the more corre-
lations are shared between the two bosonic modes, the larger the irreversibility, since the
larger is the entropy generated in the stationary state. In particular, from Fig. [11.6] (a),
(c), (e) we see that in the case of two uncoupled bosonic modes, when they separately
reach local thermal equilibrium states, the values of the entropy production rate and of
both considered correlations vanish. From Fig. [I1.6] (d), (f) we notice that, differently
form the behaviour of the entropy production rate illustrated in Fig. m (b), mutual
information and the logarithmic negativity are decreasing by increasing the dissipation,
as expected, due to the destroying effect of the environment.

These results confirm the ones obtained in Refs. [15] [16] [I8] concerning the rela-
tion between the entropy production rate and the correlations existing between the two
bosonic modes of the considered system.

11.6 Conclusions

We have investigated the Markovian time evolution of the entropy production rate as an
indicator of the irreversibility generated in a bipartite quantum system composed of two
coupled bosonic modes immersed in a thermal reservoir. We have studied the dynamics of
the system in the framework of the theory of open quantum systems based on completely
positive dynamical semigroups, for initial two-mode squeezed thermal states and coherent
states. We also described the evolution with time and the behaviour in the stationary
state of the correlations shared between the two modes, namely Gaussian Rényi-2 mutual
information and entanglement, and made a comparison with the behaviour of the entropy
production rate.

We have shown that the behaviour and evolution of the rate of the entropy production
and of the mentioned correlations strongly depend on the squeezing parameter of the ini-
tial Gaussian state, frequencies of the modes, the parameters characterising the thermal
reservoir (temperature and dissipation rate) and the strength of the coupling between the
two modes.

In the case of the Markovian dynamics of open quantum systems the information flows
from the system into the environment and, correspondingly, the rate of entropy produc-
tion is a positive quantity. We have shown that the entropy production rate is always
increasing with the squeezing between the modes and with the dissipation rate; its evolu-
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tion with time is monotonous and may also present oscillations, which are relatively more
dense and more intense in the case of non-resonant modes, compared to the resonant case.
Squeezing introduces an asymmetry between the position and momentum uncertainties
of the modes, that modifies the energy fluctuations and introduces an extra increase in
entropy, and this leads, consequently, to the increase of the rate of entropy production.
The increase of the entropy production rate with the dissipation can be interpreted as a
signature of the increase of the degree of irreversibility with the losses generated during
the interaction of the subsystem with its thermal environment. In comparison, mutual in-
formation and logarithmic negativity are increasing with the squeezing of the initial state,
like the entropy production rate, while they are decreasing by increasing the dissipation
rate, in contrast to the entropy production rate. In addition, entanglement manifests the
sudden death phenomenon, so that its survival time is finite in the case of uncoupled
modes and non-zero temperature.

The entropy production rate, mutual information and logarithmic negativity are in-
creasing with the coupling between the modes. Consequently, the stronger the coupling
between the modes, and therefore the stronger the correlations between the modes, the
more irreversible is the corresponding evolution and the stationary process, that is the
larger the entropy generated in the system during its interaction with the environment.
The coupling is crucial relatively to all these quantities in the stationary state: if the
coupling between the modes tends to zero, then the entropy production rate tends to zero
in the stationary state, and the system relaxes from a non-equilibrium stationary state
toward the equilibrium Gibbs thermal state. The same is true for mutual information
which tends asymptotically to zero in the limit of large times, for uncoupled modes. Con-
cerning the entanglement, it suddenly disappears in a finite time during the interaction
of the system with reservoir, in the case of uncoupled modes and for non-zero temper-
ature of the reservoir. By contrary, for non-zero coupling between the modes, entropy
production rate and mutual information tend asymptotically in time to a non-zero value
in the non-equilibrium stationary state, while entanglement survives in the asymptotic
stationary state only for definite values of the coupling between the modes, temperature
and dissipation rate, determined by the competition between the influences produced by
these parameters.

The entropy production rate in the stationary state is increasing with the coupling
between the modes, with the dissipation, and slightly with the temperature of the reser-
voir for relatively small values, and it saturates for larger values of temperature (in the
non-resonant case), but it does not depend on the initial state. In the non-resonant case
the mutual information in the stationary state, like the entropy production rate, slightly
increases with the temperature for relatively small values, and it saturates for larger val-
ues of temperature. Concerning the entanglement, if it survives in the stationary state,
then the logarithmic negativity is decreasing by increasing the temperature. We remind
that for a given value of the coupling between the modes, entanglement survives in the
stationary state only for values of the temperature smaller than a definite value, while for
larger values of the temperature the entanglement is completely lost.

In the stationary state mutual information and the logarithmic negativity are in-
creasing with the coupling between the modes, like the entropy production rate, while,
differently form the behaviour of the entropy production rate, they are decreasing by in-
creasing the dissipation, as expected, due to the destroying effect of the thermal reservoir.

The obtained results confirm and at the same time are complementary to those ones
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presented in Refs. [I5] [16] [I8], and they emphasise the closed relation between the ir-
reversibility, which quantifies the departure from quasi-static reversible transformations
generated by the dynamical and stationary process, and the correlations existing in the
considered bipartite system.
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