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Part one: The phenomenon of condensation



An experimental example

Steinhauer et al, PRL 109, 195301 (2012)
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How to describe an ideal Bose gas?

We consider the non-relativistic theory for ψ

S =

∫
d4x

[
iψ∗∂tψ − iψ∂tψ

∗ − 1

2m
|∇ψ|2 − V

2
|ψ|2

]
.

V is an external trapping potential;

Global U(1) symmetry: ψ → eiαψ.

⇒ −∂tρ = ∇ · J on classical solutions, where

ρ = |ψ|2 is the particle density

J =
1

2im
(ψ∗∇ψ − ψ∇ψ∗) is the particle current

N =

∫
d3xρ is the number of particles.
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How to describe an ideal Bose gas?

Field variables: ψ,ψ∗. Canonically conjugated momentum:

π =
δL

δ∂tψ
= iψ∗.

Euler-Lagrange equation:

i∂tψ = − 1

2m
∇2ψ + V ψ.

For a harmonic trap: V = m(ωxx
2 + ωyy

2 + ωzz
2)/2:

ψ(t,x) =
∑
n

ane
−iωntϕn(x),

n = (nx, ny, nz)∫
d3xϕ∗nϕn′ = δn,n′

ωn = ωx(nx + 1/2) + ωy(ny + 1/2) + ωz(nz + 1/2).
N =

∑
n a

∗
nan

H =

∫
d3x(π∂tψ + c.c.)− L =

∑
n

ωna
∗
nan
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How to describe an ideal Bose gas?

Quantization: [ψ̂(t,x), π̂(t,x′)] = iδ(x− x′) ⇔ [ân, â
†
n′ ] = δn,n′ .

Grand canonical ensemble:

⟨Ô⟩ = 1

Z
tr Ôe−β(Ĥ−µN̂)

Z = tr e−β(Ĥ−µN̂)

β = 1/T ,

µ is the chemical potential,

N = ⟨N̂⟩ = 1

β

∂ lnZ

∂µ
=
∑
n

1

eβ(ωn−µ) − 1
= N0 +

∑
n̸=0

1

eβ(ωn−µ) − 1
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How to describe an ideal Bose gas?

For the ideal Bose gas, Bose-Einstein condensation occurs when N0/N ∼ 1.

This can happen when µ ∼ µc = ω0:

N −N0
N→∞
= ζ(3)

T 3

ωxωyωz

N0 = 0 ⇒ Tc = (Nωxωyωz/ζ(3))
1/3

⇒ N0

N
= 1−

(
T

Tc

)3

Typical values: Tc = 60 nK for N = 1000 and ω = 100 Hz.
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How to describe an ideal Bose gas?

Dalfovo et al, Rev. Mod. Phys. 71, 463 (1999)
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Further considerations

When N → ∞ and T → 0, if |N⟩ is the system ground state,

â0|N⟩ =
√
N |N − 1⟩ ≈

√
N |N⟩

|N⟩ is a coherent state!
⇒ â0 =

√
N.

ψ̂(t,x) =
√
Nϕ0(t,x) + δψ̂(t,x).

How to justify the thermodynamic limit in the ideal gas model?

For non-ideal gases,

Hint =
1

2

∫
d3xd3x′ρ(t,x)U(x,x′)ρ(t,x′)

Typical values of N0 are between 1000 and 5000 (why?)!
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â0|N⟩ =
√
N |N − 1⟩ ≈

√
N |N⟩

|N⟩ is a coherent state!
⇒ â0 =
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Further considerations

For dilute systems, the s-wave approximation: U(x,x′) = gδ(x− x′)

g is proportional to the scattering length.

The corresponding field equation is known as the Gross-Pitaevskii (GP) equation:

i∂tψ =

(
− 1

2m
∇2 + V + g|ψ|2

)
ψ.

In the Madelung representation: ψ =
√
ρeiθ

− ∂tρ = ∇ · (ρv)

(∂t + v · ∇)v = −∇
(
V + gρ− 1

2m

∇2√ρ
√
ρ

)
,

where v = ∇θ in the fluid velocity.
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Part two: Condensate “environment”



Steinhauer et al, PRL 109, 195301 (2012)
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Bogoliubov theory

Heisenberg equation:

i∂tψ̂ =

(
− 1

2m
∇2 + V + gψ̂†ψ̂

)
ψ̂.

Bogoliubov expansion (1947):
ψ̂ = ψ0 + δψ̂

ψ0 is the order parameter, and δψ̂ a “small” perturbation.

CCR:
[δψ̂(t,x), δψ̂†(t,x′)] = δ(x− x′)

δψ̂ satisfies the Bogoliubov-de Gennes equation:

i∂tδψ̂ =

(
− 1

2m
∇2 + V + 2g|ψ0|2

)
δψ̂ + gψ2

0δψ̂
†
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Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ

11 25



Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ

11 25



Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ

11 25



Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ

11 25



Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ

11 25



Consequences of the Bogoliubov theory: Quantum depletion

The particle densities become:

ρ = ⟨ψ̂†ψ̂⟩ = |ψ0|2 + ⟨δψ̂†δψ̂⟩ ≡ ρ0 + δρ

J =
1

2im
⟨ψ̂†∇ψ̂ − H.c.⟩ = J0 +

1

2im
⟨δψ̂†∇δψ̂ − H.c.⟩ ≡ J0 + δJ

δρ is the quantum depletion.

δJ is the phonon flux.

Depletion exists even at T = 0. Liquid 4He, N0/N = 0.1 [Taylor et al, PRB 84, 184506
(2011)]

Bogoliubov expansion breaks the U(1) symmetry: −∂tδρ ̸= ∇ · δJ
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Consequences of the Bogoliubov theory: Quantum depletion
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Consequences of the Bogoliubov theory: Phase difusion

“Quantum” Madelung:

ψ̂ = ψ0 + δψ̂ = ei(θ0+δθ̂)
√
ρ0 + δρ̂

⇒ δθ̂ =
1

2i

(
δψ̂

ψ0
− δψ̂†

ψ∗
0

)

⟨δθ̂2⟩ diverges with t2 in interacting condensates:
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Consequences of the Bogoliubov theory: Phase difusion

S. M. Barnett: “The robust description of the condensate, therefore, is that of a coherent-like
state undergoing phase diffusion.”
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Consequences of the Bogoliubov theory: Quantum backreaction

Interactions lead to condensate degradation.

Atoms may enter or leave the condensate

The depleted cloud still interact with the condensate

Is the condensate evolution ruled by Euler equations?
We should consider quantum corrections!
Fischer et al, PRD 72, 105005 (2005): −∂tρ = ∇ · J and

(∂t + v · ∇)v = −∇
(
V + gρ− 1

2m

∇2√ρ
√
ρ

)
+

Q

ρ

Q depends only on δψ̂.
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Consequences of the Bogoliubov theory: Quantum backreaction

Baak et al, PRA 106, 053319 (2022)
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Part three: Analog Hawking radiation



Hawking radiation

Let us consider the problem of probing Hawking radiation.

TH ∼ 10−8 K for a black hole of one solar mass

CMB radiation ∼ 2.7 K
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Analog Hawking radiation

Dalfovo et al, Rev. Mod. Phys. 71, 463 (1999):
“In the presence of harmonic confinement,
the many-body theory of interacting Bose
gases gives rise to several unexpected
features. This opens new theoretical
perspectives in this interdisciplinary field,
where useful concepts coming from different
areas of physics (atomic physics, quantum
optics, statistical mechanics, and
condensed-matter physics) are now merging
together.”

Note that Tc ∼ TH !
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Analog Hawking radiation
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Analog Hawking radiation

For a generic BEC:

i∂tψ̂ =

(
− 1

2m
∇2 + V + gψ̂†ψ̂

)
ψ̂.

Madelung:
ψ̂ = ei(θ0+δθ̂)

√
ρ0 + δρ̂

In the limit of long wave length, δρ̂ = δρ̂(δθ̂), and

1√
−g

∂µ(
√
−ggµν∂ν)δθ̂ = 0,

gµν =
ρ0
mc


v2 − c2 −vx −vy −vz
−vx 1 0 0
−vy 0 1 0
−vz 0 0 1

 , c2 =
gρ0
m
.
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Analog Hawking radiation

Suppose one can implement an analog black hole using a BEC.

How to probe the
spontaneous radiation?
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Analog Hawking radiation

The density-density correlation is defined as

G(2)(x, x′) = ⟨ρ̂(x)ρ̂(x′)⟩ − ⟨ρ̂(x)⟩⟨ρ̂(x′)⟩

For an acoustic BH it should look like:

Pavloff et al, PRA 85, 013621 (2012)
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Analog Hawking radiation
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Analog Hawking radiation

Nature Physics, 17, 362–367 (2021)
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Final remarks

Impact of dimension on the condensate dynamics: Hohenberg theorem

Impact of dipolar interactions

Condensate of composite bosons?

Entanglement

Measurement-induced phase diffusion
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Thank You!
Questions?
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